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PREFACE 



These lectures have a twofold interest. 

Delivered in French by a prominent French scholar to an 
Hj^glish speaking audience consisting mainly of Honours stu- 
dents of whose curriculum the subject matter formed an inte- 
gral part, they are noteworthy as constituting the permanent 
record of a successful experiment, carried out at the Lniversity 
College of Wales during the period of reorganisation of its 
Pure Mathematical Department. 

But their scientific interest is far greater than this might lead 
us to suppose. The lectures give us, in the form of a number 
of elegant and illuminating theorems, the latest word of ma- 
thematical science on the subject of Integral Functions. And 
they do more. They descend to details, they lake us into the 
workshop of the working mathematician, they explain to us 
the nature of his tools, and shew us the vvay to use them ; 
while, at the same lime, by the absence of any attempt to 
conceal Ihe imperfections of the edifice so far conslrucled, 
they indicate to us the \\ork still waiting to be done, they 
inspire us with the desire and furnish us with the means of 
completing it ourselves. 

The book will not be found difficult by an earnest student. 
He cnay hope to master it without any elaborate preliminary 
preparation. All that is needed is that he should possess some 
familiarity \vith the more immediate consequences of the fun- 
damental and far reaching theorem due to the genius of Cau- 
chy and known by his name and that he should be at home 
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with the concept of number and its extensions such as form 
to day the foundations of Analysis. 

For the philosophic mathematician the subject is particu- 
larly Instructive, shewing, as it does, the power of a single 
fundamental idea, that of generalisation, germinatirig in many 
minds of Avidely different types of training, and applied to 
a particular mathematical concept, that of the polynomial. 

A problem once stated is, as we all know, half solved; and the 
rapidity with which one step in our theory has followed ano- 
ther* will be seen by a glance at the bibliography at the end 
of the volume, in the same connexion the appendices may 
specially be cited. They contain among other things the com- 
plete solution of questions connected with the inverse function 
of an integral function, questions raised and only partially 
answered by Hurwitz in two Notes in the Ccmptes Rendus. 
They contain also an illustration of the growing influence of 
the Theory of Sets of Points, not only on the language of the 
Theory of Integral Functions, but also on its subject matter; 
and we are led to ask whether in the near future the whole 
trend of research may not here also be in this direction. 

W.-H. YOUNG. 
The Athenaeum, 

London. 

June, 192,3. 



AVERTISSEMENT 



Ce livrc rcproduit les legons que j'ai cu I'lionneur de fairc 
aux elevcs de M. Young a PUniversity College of Wales a 
Aberystwylh en fevrier et mars 1922. Qu'il me soil permis de 
renouveler ici ('expression de ma vive reconnaissance au pro- 
fesseur Young qui m'a invite a faire ces lerons; qui m'a donne 
les moyens de les publier et qui a bien voulu les presenter au 
public. Si cet ouvrage rend quelques services aux etudiants, 
que leur gratitude aille d'abord a M. Young qui en a te le pro- 
moleur 

Mes lemons etaient faites en frangais ; un jeune mathemati- 
cien de Cambridge, M. Collingwood, me seconda en donnant 
des explications complementaires a rnes auditeurs et accepta 
de remplir le role ingrat de traducteur. Je Ten remercie bien 
vivement. 

Le nombre de mes lemons etait limite et jc me proposals de 
permellre & des auditeurs possedant les elements de la theorie 
des fonctions analytiques de me suivre sans difliculte, j'ai done 
pris la theorie a son point de depart et ai du par centre sacri- 
fier des developpernerits interessants. Sur un point cependant 
je me suis departi de la regie que je m'elais fixee de ne m'ap- 
puyer que sur des propositions 61emen4,aires : au chapitre vi 
j'ai admis les proprietes de la fonction modulaire elliptique 
J (w), le lecteur en trouvera un expose tres clair clans un Me- 
moire de Hurwitz cite dans la bibliographie. Le texte des six 
chapitres de Pouvrage, qui donne sans modilicalions mes le- 
a ete redige en octobre 1921. M. Collingwood a bien 
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voulu y ajouier les appendices A et B qui completent certaines 
questions trai tees dans le texte, et 1'appendice D oft il tablit, 
d'aprfes les travaux de M. Iversen, la correspondance entre les 
points singuliers non alg6briques de la fonction inverse d'une 
fonction entiereet les valeurs asymptotiques de cette fonction. 
Je signale a ce sujet que la definition des points singuliers 
adoptee dans cet appendice est celle donne par M. Bieberbach 
dans I'encyclop6die (article II C 4 de 1'edition allemande). 
Duns 1'appendice G, Miss C. Young cxpo.se queiques rcsullats 
relatifs & la distribution des zros des fonctions d'ordrc flni 
entier. Gr&ce a ces complements, 1'ouvrage, bien qu'il n'ait 
pas la prevention d'etre une encyclopedic, renferme I'essentiel 
de la theorie. La lecture de la table des matieres et des petites 
introductions de chaque chapitre mettra rapidement le lectcur 
au couvant des questions trai lees, ce qui me dispense d'en par- 
ler ici. Une bibliographic importante termine 1'ouvrage; dans 
le texte, chaque chapitre est suivi d'une lisle indiquaut ccux 
des Ale moires indiques dans la bibliographic qui out ele utili- 
ses pour la redaction des divers paragraphes. Les epreuves ont 
6te revues par Miss C. Young ct par M. Collingwood; je les 
remercie de cctte airnable collaboration. 

Le livre, tel qu'ii est congu, permettra, je crois, aux jeunes 
math^inaticiens de langue anglaise de se fainiliariser avec des 
questions qui ont 6t6 peu travaillees jusqu'ici par leurs compa- 
Iriotes. Je pense qu'ils apercevront sans peine, notarnment en 
comparant les re*sultats des chapitres in et vi, les points qui 
appellent les premieres recherches et j'espere que, grace a ces 
Energies nouvelles, la theorie sera completeeet rajeunie. Alors 
ce livre n'aura plus guere d'inleret, mais le but que jc me siiis 
propose en I'ecrivant sera pleinemenl atteint. 

Strasbourg, le ao avril iya3. 

Georges VALIRQN, 
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THE GENERAL THEORY OF INTEGRAL FUNCTIONS 



CHAPTER I 
Preliminary Notions. 



Introduction. The origin of the general llieory of integral func- 
tions, that is to say of functions which are regular throughout the 
finite portion of the plane of the complex variable, is to be found in 
the work of Weierstrass. lie shewed that the fundamental theorem 
concerning I he factorisation of a polynomial can be extended to cover 
the case of such functions, and that in Ihe neighbourhood of an iso- 
lated essential singularity the value of a uniform function F(z) is in- 
determinate. These two theorems have been the starting point of 
all subsequent research. 

Weierstrass himself did not complete his second theorem. This 
was done in 1879 by Picard who proved that in the neighbourhood 
of an isolated essential singularity a uniform function actually assu- 
mes every \alue with only one possible exception. Much important 
work, the earliest of which was due to Borel, has been done in 
connection with Picard s theorem; and the consequent introduction 
of new methods has resulted in much light being thrown on obscure 
points in the theory of analytic functions. 

The notion of the genus of a Weierstrassian product was introdu- 
ced and its importance first recognised by Laguerre, but it was not 
until after the work of Poin'care and Hadamard had been done that 
any substantial advance was" made in this direction. Here also Borel 
has enriched the theory with new ideas; and his work has done much 
to reveal the relationship between the two points of view and pro- 
foundly influenced the trend of subsequent research. 
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Although the two theorems of Weierstrass are now classical we 
give proofs of them and of some of the well-known results due to 
Cauchy on which the development of the subject depends. We shall 
also have to make use of certain inequalities obtained in the course 
of the proof of Weierstrass' first theorem. 



1. The Laurent expansion about an isolated singularity. 
Lot Y(z) be a uniform function and let the point z== a be a singular 
point of the function F(z). We will suppose the point z = a to be an 
isolated singularity; that is to say IhatAve can find a circle C of finite 
radius a and centre a such that Y(z) has no other singularity in the 
circle or on its circumference. If now C' is another circle of centre a 
and radius p<, ^( 2 ) W 'M ^e regular on the circles C and ("/and 
In the annular region between them, and we may apply Cauchy 's 
theorem to the function in this region. Koran interior point x of 
the annular region we thus obtain the equation 



both integrals being taken in the positive sense. From this it follows 
that F(.r) is the sum of I wo convergent scries, oneAn positive powers 
of (x a) and the other In negative powers of (x a) : 



where 

00 00 

/(> = S <"' *()= 2 -." 

I O 

The roefficienls c t are given by Cauchy's equations 

^- a) '~ 1(L '> 

m * 
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The values of these coefficients are unaffected by any change in the 
radii of the circles C and C', provided that G contains no singularity 
other than a. Further, since the power series !>(# a) is convergent 
for ft<!|# ^|<* it is convergent for \x </|<;a. Also /(u) is 



an integral function. For the power series f(u) converges for |//| ]> 

P 
for all values of Ti, and so for all values of . 

Equation (T, i), the light-hand side of which is known as the Lau- 
rent expansion oj V(z) about I he point a, is therefore valid inside any 
circle C of centre a and containing no other singular point of the 
function. 

In the case where the function /(//) reduces to a polynomial the 
point z = a is a pole of F(c) and the, properties of the funclion in 
its neighbourhood arc well knovyu. We shall consider the case in 
which f(u) does not reduce to a polynomial. 'The singular point is 
then an isolated essential singularity. 

In most cases we shall suppose the essential singularity to be at 
infinity, when we shall have 

(i,3) F(z) =/(*) + *() 

where f(z) is an integral function and 4>(z) a funclion which vanishes 
and is regular at infinity. In future we shall write 



the first expansion being valid for all z and the second for |z| > R , 
where R n is some fixed number. For all values of n we have 



F being some circle of centre z = o and radius greater than R 
The modulus of c n will be denoted by C a . 
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2. Theorems of Cauchy and Liouville. Now let us consider a 
function W(z) which is regular in a circle C, \z\ ^ r, and let 



The coefficients are given by Cauchy's equations (i, 2); so that 



We may express these quantities in terms of their moduli and 
arguments by writing 



which gives us 

A n i6 /* 2n ^/ \ /(e(r, ) n*l , 

aTrA^V 6 " = / G(r, cp)<? >; J </<p. 

*^0 

Hence 

/an 
G (r, cp ) cos [6 (r, 9) -r- ny J ciy 

Now the functions G(r, 9) and 0(r, cp) are continuous fonclions of cp. 
G(/% cp) has therefore a maximum on C, which it effectively attains; 
and so, if M(r) is this maximum, (he inequality 

(i, 4) A B r" < M(r) 

is true for all values of n. It follows from the properly of continuity 
that, fora given value of a, this inequality can only be replaced by 
an equality if 

G(r, ?) = M(r), 0(r, <p) = n? + 6, 
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for all values of cp. We should then have A M = o for all other values 
of n. In particular 

(1.5) A. = V(o)<M(r) 

unless X F(2) is a constant. 
We are now in a position to prove Cauchy's theorems. 

YHEOREM i. The maximum of the modulus of a function y(z), 
which is regular in a closed connected region D, bounded by one or 
more curves G, is attained on the boundary (*). 

Since the modulus is a continuous function it certainly attains its 
maximum in- at least one point P of the closed region D. If the 
point P were an interior point of D we could find a circle, of centre P, 
lying entirely in D, and the value of \g(z)\ at the centre of this circle 
would be at the least equal to its maximum on the circumference. 
But, unless g(z) \* a constant, this contradicts the inequality (i, 5). 

As an immediate corollary of this proposition, in conjunction with 
the remark made in connection with (i, 4), we have this further 
result : 

THEOREM a. If f(z) is a complete^) integral function , Ihe maxi- 
mum M(r) of the modulus of f(z) for \z\ = r, is an increasing function 
of r and 

(1.6) <V-'<M(r) 
for all values of r and n. 

We may observe that it follows from this proposition that 
tends to zero as n tends to infinity. 



(*) A "region" is a domain with possibly some or all of its frontier points, 
a " domain " being defined as a set of points all of which arc interior 
points of the set. In the case of a single variable ^e shall regard a ' seg- 
ment" as closed and an 4< interval " as open. 

(*) A function in which there is a sequence of the coefficients C H different 
from zero. 
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In the case of a complete integral function there is a sequence of 
coefficients C H which are not zero, and so we may deduce from the 
inequality (1,6) the following corollary, which is known, in a slightly 
different form, as Liouville's theorem : 

COROLLARY 2. // f(z) is an integral function and p any positive 
number whatever, the ratio 

M(r) 



ultimately surpasses any assigned number. 

Let us now consider the case of a function F(z) for which the 
point at infinity is an isolated essential singularity. (z) is the sum 
of an integral function and a function which tends to zero as r= \z\ 
tends to infinity. If hy M f (r) we denote the maximum modulus 
of F(z) for |z| = r, and by M(r) that of f(z) [equation ('i, 3)] arid 
if Y is any positive nurnher, we shall. ha\e, for all sufficiently large 
values of r, 



so that the ratio 



also ultimately surpasses any assigned number. 

On the other hand we may apply theorem i to the function 
and the region D defined by the inequalities R < R <1 \z\ <C R'. 
The maximum of the modulus is attained on one of the bounding 
circles, and therefore, for all sufficiently large values of IV on the 
outer circle. So M,(r) is ultimately an increasing function of r. 
Since when k is an integer (z)z~ k is of the same form as F(z), we 
have the following parallel result. 

THEOREM 3. // F(z) has an isolated essential singularity at infi- 
nity, the ratio 



increases indefinitely after a certain value of r, for any fixed value 
of p. 
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Finally we observe tha* the inequality (i, 6) is satisfied by a func- 
tion (z) if we suppose n to be positive and replace M(r) by M f (r). 

The property established in theorem 3, which is one of the initial 
properties of M,(r), brings into prominence the sharp distinction 
which exists between the case of a pole and that of an essential sin- 
gularity. 

3.. The indetermination of a uniform fonction in the neigh- 
bourhood of an isolated essential singularity. If we consider a 
sequence of points whose sole limiting point is a pole of a uniform 
function, the sequence of the moduli of the function at these points 
always tends to infinity as its limit. This is no longer true as we 
approach an essential singularity. Let us assume that this essential 
singularity is at infinity. Then we can still find a sequence of points 
in which the modulus tends to infinity., In fact it is sufficient to take 
those points at which |F(z)| = M 4 (|s|) on a sequence of circles 
of indefinitely increasing radius. Now consider a finite num- 
ber a. It may happen that F(z) assumes the value a an infinity of 
times. In this case, since the zeros of a regular function are isolated, 
the points at which F(z) = a have their sole limiting point at infi- 
nity. But if F(z) only assumes the value a a finite number of times 
the function 

*(-)= P /.N I - 



will be regular for ||>R f , R, being the modulus of the most 
distant zero of F(z) a. The point at infinity must be an essential 
singularity of <I>(2), for if it were a regular point or a pole it would be a 
pole or regula r point of F(X). There is therefore a sequence of points, 
whose sole limiting point is at infinity, in which <I>(z) tends to infi- 
nity and F(z) a lends to zero. We thus obtain Weierstrass' theorem. 

THEOREM 4- In the case of a uniform function we can always find 
a sequence of points, whose limiting point is an essential singularity, 
in which the function tends to any assigned limit. 

This theorem of Weierstrass was completed by Picard, who showed 
that a uniform function actually assumes every value, ivith only one 
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possible exception, an infinity of times in the neighbourhood of an 
isolated essential singularity. Much of our work will be devoted to 
the study of Picard's theorem and its generalisations. 

4. Convergent sequences of regular functions. There is another 
fundamental theorem due to Weierstrass. 

THEOREM 5 ('). Let 

?,(*) <?,(*)' > ?.(*). 

be a sequence of functions which are regular in a closed connected re- 
gion D bounded by a contour Y. If this sequence converges uniformly 
on the curve 1\ it converges uniformly throughout the closed region, 
and the limit of the sequence is a function <f>(z) which is regular in the 
open domain, and it derivative oj order p is the limit of the sequence 
of pth derivatives of y n (z). 

Uniform convergence in the region D is practically immediate. 
For, by hypothesis, we have on the contour 

IW) -?(*)!< 

for all e and n >N(e). By theorem i this inequality also holds at all 
interior points of D. 

Now let <I>(z) be the limiting function of the sequence. <I>(z) is a 
continuous function. Let 6(2) be the regular function defined by the 
integral 



Z X 



We can shew that 0(x) = <I>(x). If x is an interior point- of D 
Cauchy's theorem gives 



(') Certain generalisations of this theorem are to be found in Monlel's 
book, Lemons saries series de poly names d'une variable complete. 
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and, subtracting this from the last equation, 



where L is the length of the contour and d the shortest distance 
from the point x to the contour, e can be made as small as we please 
by taking n sufficiently great. We have therefore 

= lim cp n (x) = <I>(x), 

and the first part of the theorem is proved. 

The second part follows from another application of Cauchy's 
theorem. In fact 



which shows that v n ifci (z) louds uniformly to &*\z) in Hie open 
region. 

5. The construction of an integral function with assigned zeros. 
We have already had occasion to make use of the fact that the zeros 
of a function (z) which is regular, except at infinity, for \z\ > H , 
are isolated points; every annular region R < ft ^ |c| <^ IV contains 
a finite number of them. So if F(z) has an infinity of zeros they 
can be arranged as an infinite sequence in order of non-decreasing 
moduli. If there are several zeros having the same modulus these 
can be arranged in any order we please. Repealed zeros will occur 
with a frequency equal to their order of multiplicity. We denote 
by a tt the n'th zero of this sequence and its modulus by r lt . The 
sequence 



is non-decreasing and its sole limiting point is -f-o. In the particular 
case of an integral function which vanishes at the origin we shall ex- 
clude the number o from this sequence. 

H as been shown by Weiers trass that if we arc given any sequence 
of numbers a n whose sole limiting point is at infinity, then there is 
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an integral function with zeros at these poinls and at these points 
only. In order to do this Weierstrass constructed an infinite 
product of regular functions each one of which vanishes for a single 
value a u and for this value only. To ensure the convergence of the 
product he employed as primary factor, vanishing for a = i, the 
expression 

, II 2 ' UP 

u + -K .-} -- 



where the exponent of c consists* of the first /) Irrms of the expan- 
sion of log(i u)\ so that, for \u\ < i, 



If we lake M^r< i, Ihc exponent of e in this last equation will 

K 

he less in modulus than 



p+ik-i' 



We may therefore state the following result : 
LEMMA 6. If |u| ^~ < i, then 



ivhcre |0| < i. 

There is one other property of the sequence whose importance 
will appear directly. Suppose that, as ahovc, the points a n have the 
point at infinity as their sole limiting point and thai the sequence 
of numbers r H is arranged in the manner we described. r t is sup % - 
posed not to be /ero. Then with the sequence r n we can associate a 
sequence of positive integers p n such that the series 



converges for all values of r. 
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In fact it is sufficient to take for p n the integral part of 



We then have, for r n >r, 

r y ( r \ lo # r n l i f log r 



v u tends to i as n tends to infinity. So, for sufficiently large values 
of /i, (i -f- a) v n will be greater than r and the series (1,8) will 
converge. 

To construct an integral function with zero* at the points a n we 
consider the product 

m 

i^)= II E (t' ''""') 

i 

where p n is chosen so that the scries ( i , 8) is convergent for all values 
of;*. This product is plainly an integral function vanishing at the 
points a n of index less than or equal to m and at these points only. 
We shall show that the sequence of functions P m (z) converges uni- 
formly in every finite region. To do this we establish uniform con- 
vergence in a circle |z|>^H of arbitrary radius. Let /i be a fixed 
number greater than i and let N be defined by the inequalities 



For in greater than N we may write 



where Q wl is the product of factors whose rank lies between N and 
m -f i . In virtue of Lemma (> and the convergence of the series 
(i, 8) for the value R, 

< .^Ki 



N+. R+i 
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where K is a constant depending only on R . Therefore, if M is the 
maximum modulus of P K (z) in the circle \z\ ^ R, we shall have in 
this circle, and for all values of m, 



Jlcncc, if m' 



Q.'W 



\ further appeal to Lemma 6 and Ihe convergence of the scries (i, 8) 
gives 










where 



* /f 



m -4- 1 



/n -f- 1 



e n? denoting the remainder after the first m terms of the series (i, 8). 

Thus 

k 



which may be made arbitrarily small provided m is taken sufliciently 
large, wherever z may be in the circle |^|-^ll. The sequence of 
functions P^(z) is therefore uniformly convergent in this circle and 
its limit, which we shall denote by P(z), is a function regular in the 
circle. 

Moreover this function V(z) is not a constant, for in the circle of 
radius II we have 



and bo 

(1,10) 
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Therefore P(z) does not vanish in the circle under consideration 
unless P M (z) vanishes; that is to say at the points a lt and at these 
points only. 

We may change the order of the factors in the product P(z) in any- 
way we please, for the investigation of Q m '(z)/Q m (z) carried out ahove 
shews that the product of any number of primary factors of rank 
higher than a number N(R, e) differs from i by less than e, for 
\z\ ^ R . Further any product of factors is uniformly bounded. The 
difference of two products which both include the first N(R, s) fac- 
tors will therefore be less than K t . The property of absolute conver- 
gence is thus established and the proof of Weierslrass' theorem com- 
plete ('). 

THEOREM G. If the sequence of integers p u is such that the series 
(i, 8) is convergent for alt values of r f the infinite product 



is absolutely and uniformly convergent in every finite region, and defines 
an integral function with zeros at the points a n and at these points only. 

We may observe that if there is an integer p such that the series 



V 

Zj r p HI 



converges, we may take p n = p -f i , when we have simply 



(') The proof is much simplified if the properties of infinite products arc 
assumed. 
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6. Factorisation of a function F(z). Let us suppose that our 
function F(z) regular for |j| ^ R , except for an isolated essential 
singularity at infinity, has an infinity of zeros. \Ve can construct a 
Weierstrassian product P(z) willi the same zeros to the same order 
of multiplicity. The function 



will also be regular for \z\ ^ R , because a zero of F(z), of order </, 
gives rise to a simple pole of residue q both for V'(z)/F(z) and 
V(z)/\ y (z). Integrating (~ t (z) from z o to z we obtain 



when G t ^) is again a function which can be expanded in a Laurent 
series for |z|^>R , and a is the coefficient of in G t (z). Thus it 
follows that 



where G(z) can be expressed in the form of a Laurent series for 
|z|^-R . As the functions F, P and G are uniform, a is either a 
positive or negative integer or zero. Moreover 



g(z) being an integral function and ^M ) regular for |z|^-R , 

vanishing and regular at infinity. The function <I>f J = e * \ z / is 

therefore also regular at infinity, where it assumes the value i . 

it is clear that our argument remains valid when the function F(z) 
has only a finite number of zeros. P(z) will then be a polynomial. 
We June thus established the following corollary : 
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COROLLARY 6. - Suppose thai the only singularity of F(z) in the 
domain \z\^\\ 9 is an essential singularity at infinity. Then the func- 
tion (z) can be expressed in the form 



(MI) 



where P(z) is a polynomial or Weierstrassian product corresponding to 
the zeros of F(z); a is a positive or negative integer or zero; g(z) is an 

integral function; and <!>( J is a function which is regular and does 

\ z / 

not vanish throughout the domain (z| ^ H and is equal to i at injinity. 

In the particular case where (z) reduces to an integral function 
f(z), 4( J reduces to i and a is posithe or zero. In fact 



This factorisation depending on the zeros is not completely deter- 
minate, for we have seen that any sequence of numbers p n may be 
replaced by a sequence of larger numbers. Later on we shall shew 
that in certain cases it is possible to obtain a decomposition into 
factors which is strictly determinate. 



CHAPTER If 
The function M(r) and the coefficients in the expansion f f(z). 



We have indicated (i. a) certain properties of the maximum mo- 
dulus of an integral function /(z) and we have established a relation 
between this function and the coefficients in the Taylor series of/(z) 
(i, f>). We proceed lo complete those results. It will be shewn that 
the maximum modulus M(r) is a continuous function and differen- 
tiabie in adjacent intervals (') and that logM(r) is a convex function 
of logr. Our principal object however in the present chapter is to 
investigate the relations existing between the moduli C n r n of the 
terms in the Taylor expansion and the function M(r). We shall, in 
fact, shew that the logarithm of the greatest of the terms C a r H is 
asymptotically equivalent to logM(r). 

This leads us to the. distinguish a certain class of functions, those 
of finite order, for which the relation appears in a peculiarly simple 
form. Narrowing down our classification still further we shall re- 
cognise in this class functions which are of regular growth. It is 
with such functions as these that we are generally concerned in 
applications. 



I. TtlE GROWTH OF THE Fl \CTIONS M(/') AND A(r). 

Consider an integral function f(z), or simply a function <I>(z) re- 
gular in a circle of radius R with its centre at the origin. The func- 
tion e is also regular in the same circle and its maximum modu- 



(') A function is said to be diPTeren liable in adjacent intervals in a cer- 
tain range (or from o to oo) when the range can be split up into non- 
evanescent intervals in each of which the function is differen liable whilst 
it has right and left hand derivatives at the left and right-hand end 
points. 
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lus for \z\ = r is equal to A(r \ where A(r) denotes the maximum 
of the real part of 4>(z) for |z| = r. !t therefore follows from theo- 
rem (i) that this function A(r) is also an increasing function. Simi- 
larly, if we denote by B(r) the minimum real part of $(2:), it fol- 
lows from a* consideration of the function e~ on the circle \z\ = r 
that B(r) is an increasing function. There are analogous results for 
the maximum and minimum values of the imaginary part of <!>(). 
We have seen that when a function is expressed as a Weierstrassian 
product a factor e gM is introduced. \(r) and B(r) play an important 
part in the study of these functions c . 

1. Comparison of the functions M(r) and A(r). Hadamard, 
using only the simplest properties of trigonometrical series, shewed 
that Cauchy's inequality (i, 6) and the deductions from it can be 
extended to the function A(r)- 

Let 



be a function regular in the circle \z\ ^ r. Writing 

z = re , c n = c,/ + ic/ , *(z) = P(r, <p) + iQ(r f 

we have 

oo 

P(r, f ) = c.' + 2 [c/ cos (f ) - c/ sin (n ? )] /" . 



This series is uniformly convergent for -all values of <p since, by 
hypothesis, the series 2c M r* is convergent. We may therefore mul- 
tiply through by cos(n^) or sin(/icp) and integrate term by term 
between the limits o and ax. We thus find 

/ate 
P(r, <5p)cos(/i<p)d<p, 

/a* 
P(r, <p)sjn(/i^)^. 
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Multiplying the second of these equations hy i and adding we 
obtain 



Hence 



We have also 



and so, hy addition, 

? )| + P(r, ? ))c*p. 



Now the integrand on the right is zero when P(r, <p) is negative 
or zero, and equal to aP(r, cp) when P(r, cp) is positive. The right 
hand side of this inequality is therefore zero when A(r) is negative 
or zero and less than fa^r) when this number is positive. Hence 
we have 

THEOREM 7. // the function 4>(z) is regular in the circle \z\ ^ r, 
and if \(r) is its maximum real part on the circumference of this 
circle , then, for all positive values of n, the numbers G n r" are less than 
or equal to the greatest of the two numbers ac ' and 4A(r) ac^. 

In the case of an integral function, if c p is the first coefficient 
which is not zero (p>o), C p r p 4- ac ' will certainly be positive for 
all sufficiently large values of r. Tlie same is therefore true of A(r) 
and we have the following corollary : 

COROLLARY 7(0). In the case of an integral function, 



for all positive values of n and for all r>r t . 
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The same results are evidently true for B(r), except that c will be 
changed into c'J. 

From this inequality (2,1) we can deduce a theorem analogous to 
Liouville's theorem. 

COROLLARY 7(6). If D and q are two fixed positive numbers and 
if the real par I of an integral function f(z) is algebraically less than Dr q 
on a sequence of circles |z| = constant of indefinitely increasing radius, 
then f(z) is a polynomial of degree not greater than q. 

For, if r is the radius of one of these circles and if this radius is 
sufficiently large, we have 

C,, <4Dr*-" 2C.V". 

But if n > q the right-hand side tends to zero as r tends to infi- 
nity; and so C n is zero for n 



Borel has shewn that the inequality (2,1) leads very simply to a 
relation between M(r) and A(/*). We can write this inequality in the 
form 



,-"< [4 A<R) -<] 
and, taking r< R, it follows that 



M(r) < 



Hence we have Borel' s theorem. 

THEOREM 8. // f(z) is an integral function, then 
(2, 2 ) B(r) < M(r)< 

for all r>r . 
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A slightly improved form of this inequality has been found by 
Caratheodory, who also proved that it is in fact true for all values 
of r. Without going into details we may point out here that the 
hypothesis that f(z) is an integral function enables us to prove that 
ultimately A(r) is positive and the inequality (2, i) valid. Otherwise 
it does not affect the argument. 

Observing that if a regular function vanishes at the origin, then A(r) 
and B(r), which are increasing functions, are positive, we have 
as a corollary : 

COROLLARY 8. // the function <b(Z) is regular for \z\ ^ R and 
zero at the origin, then 

(a, 3) B(r) < M(r) < ^A(R) (r<R). 

Clearly we can interchange A(r) and B(r) in the foregoing argu- 
ments and propositions. It is easy to find analogous results for 

functions F(z) = f(z) + 4> ( j with an isolated essential singularity 
at infinity. 

2. Hadamard's theorem on the growtn of log M t (/-). We have 
seen that for sufficiently large values of r the ratio M^r)/^ is an 
indefinitely increasing function. A more precise result has been 
obtained by Hadamard. 

THEOREM 9. The function log M t (r) is a continuous, convex and 
ultimately increasing function of log r. 

Let us write 

X = logr, V(X) = logM,(r), 

and consider three values of X, 

X,<X t <X 3 . 
The number h being defined by the equation 
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the function F(z) z~ h is in general multiform in the annular region 
e i ^i\z\<^e 3 , hut its different determinations are regular at all 
points of this region and its modulus is uniform. This modulus has 
a maximum value which, by the proof of theorem i, is attained on one 
of the two bounding circles of the annulus, and we have therefore 



-AX t = V(X i ) AX,; 
whence, substituting for h, 

V(X.) - V(X.) V(X.) - V(X.) V(X.) - V(X.) 

\ _ Y ^ v _ v *^ v _ \ 

A, A f A 3 A, A, A, 

The convexity of the function is expressed by these inequalities. 
If we plot the points of coordinates X, V(X), the point of index a lies 
below the line joining the points of indices i and 3. It can be seen 
further that V(X) has a right-hand derivative. For, if k is positive, 
[V(X 4- k) V(X)]/Ar is a decreasing function of /c, bounded below, 
and consequently has a limit for k = o. Similarly there is a left- 
hand derivative VYX o) which does not exceed V'(X 4- o). Finally 
letting X, -> X 3 we observe that there is in general a derivative V(X) 
which is an increasing function. Since we already know that M,(r) 
is ultimately an increasing function of r, the theorem is proved ('). 
Either V(X) is always an increasing function or else it starts as a 
decreasing function and then increases. Integral functions arc of the 
first class. So are functions such as 



provided that A is sufficiently large. The function e*/z (however) is 
of the second class. 



(') Hardy has proved that if 4>(z) is regular for o< \z\ = r< H, and if 



then log I(r) is also a convex increasing function of log r(o < r < R) See 
G. H. Hardy. Proc. London Math. Soc., 1916. 
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3. Results due to BlumenthaL That the function M t (r) is diffe- 
ren liable in adjacent intervals was shewn by Bin men thai. Using the 
same notation as in the proof of theorem 7 we write 



where 



' cos *? c sin 



The square of the modulus of F(z) is Ihen given by the equation 

/n(r,?)={P(r, ? )r + [Q(r, T )JV 
Now the series of positive terms 



which is a dominant for both the series P and Q, is convergent for 
r^>R 1K and o^|<p|^a:i. The series P and Q may therefore be 
arranged in order of ascending powers of cp and they represent func- 
tions of / and ^, regarded as complex variables,, analytic and regular 
in the domain r^-R <2**, |^|^27i. The same is therefore true of 

the function m(r y <p) and of , its derivative with respect to 9. 

3? 

We proceed to a study of the set of real values r, * for which 

' vanishes, and then, with the aid of Weierslrass' theorem on 
*cp 

implicit functions, of the corresponding set of values of m(r, cp). 
The,investigation depends on certain preliminary lemmas. 

LEMMA 10. Given an annular region H^|2J ^1V, there is a 
function U(z) with the following properties : 

(i) U(z) is regular throughout the region and vanishes at a given 
interior point. 
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(ii) U(z) has a pole and does not vanish in the neighbouring annalus 



(iii) The modulus of U is constant on each oj the circles \z\ = R 
and \z\ = J\'. 

U(z) is known as a Green's function for the region. 



We may suppose that R = i and R' = k > i . Let a be the given 
point at which U(z) vanishes and let a' be the inverse of a with res- 
pect to the unit circle (a, a' lie on the same radius and |aa'| == i). 
By theorem 6 and in virtue of the convergence of the series S k~ M 9 
the infinite product 



defines an integral function with zeros at the points 2=1,..., 
k M , ... . The function 

S(z) = P(*) 

is regular in any annulus described about the origin as centre and its 
zeros are the points k m (n = o, * > - - - ) Now consider the function 



The points z = fit/c** 1 are zeros and the points z = aV* poles of \J(z) 
and it has no other singularities in the finite part of the plane. Fur- 
ther |U(z)| is constant on each of the two circles \z\ = i and \z\ = k. 
For the function may be expressed in either of the two forms 



TT 

a' 11 



a 

fl ~"7it* 



'' zfr' s/ ' X ' 'fc" J 
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and in the first of these products every factor is constant in modu- 
lus on the circle \z\ = i and in the second the same is true on the 
circle \z\ = k. Finally U(z) is regular and vanishes at the point a in 
the annulus i ^ \z\ >^ k, and has a pole (z = fr f oc'), but no zero, in 
the neighbouring annulus /f^|z|^/r f . The conditions of the lemma 
are therefore fulfilled. 

LEMMA 10'. The real points of the circle \z\ = r at which 

<^Cp 

vanishes are finite in number, for all values of r with one possible 
exception. 

For a given value of r (|r| >R n * K ) the function - i-L-L: i s regu- 

tf3> 

lar in the circle |<p|-^27i. So, unless it is identically zero, it has a 
finite number of zeros, and in particular of real zeros, in this circle. 

If V * ^ is identically zero 'the function m(r, c&) will be constant 

*? B 
on the circle. To prove the lemma we shall shew that /??(/*, <p) cannot 

be constant on two circles \z\ = R, \z\ = R'. 

Suppose that |F(z)| is constant on the two circles \z\ = R and 
|j| = R', and let a 4 , a t , ... a p , be the zeros of F(z) between these 
circles. We -can construct functions U(z, a t ), 11(2, aj, . . . ,. U(z, a p ), 
which vanish at these points and satisfy the conditions of lemma 10. 
The function 



VM-, 



Z, a,) ... U(, a p ) 

will be regular and different from zero in the annulus R^ \z\ >^1V 
and its modulus will be constant on the two bounding circles. Fur- 
ther h can be determined so that the modulus of V(z)z h will be the 
same on these two circles. So, if M denotes this modulus, we have 



at" all points of the annulus. Similarly, since rp-r in also regular in 

\(z) 

this region , 



z-* 



<TT 
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Consequently 

|V(*)**| = M 

and it follows that V(z)z h is constant. But this would imply that 



which is clearly impossible, since the functions U have poles in the 
annulus R' <^ \z\ ^ R"/H- The lemma is therefore proved. 

That the exceptional case can actually arise is seen by considering 
the function 



In the particular case of integral functions a simpler argument, 
based on the Green's function for the circle instead of for the annu- 
lus, shews that the result is true for all values of r. 

LEMMA io ff . No one of the set of real points (r, -i*) at which ^ = o 

ty 

and m(r, y) =4= o can be isolated. 

Since the function a = log m(r, <p), being the real part of an ana- 
lytic function, satisfies Laplace's equation, its derivative with respect 

i dm 

to & , , also satisfies this equation. 
1 m $y 

Let P be a point (r , cp ) at which m "*'V*' = and w(r , ?)=(= 

and consider a circle Gof centre P and radius c so small that ;n(r, cp) 
is not zero in this circle or on its circumference. Then, by the 
formula of (i) for the real part of a function at the centre of a 
circle, 



! f f * m 

*** *AC> m ^? 



The function^ * " must therefore vanish at least once on this 
df 

circumference. Thus the lemma is proved. 
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\ow consider those values of r which are greater than the possi- 

ble exception of lemma 10'. For such values - * has only isola- 

i)cp 

ted /eros on r = constant. Let (r , cp a ) be a point of the circle \z\ = r 

at which /w(r f , :p ) is a maximum. Then - ' = o and, in the 

^-j 

neighbourhood of this point , 



By VWierstrass* theorem on implicit functions, the equation 
- LJ-ii = o, regarded as an equation in or, has, in a domain 

rG> 

|r r |<8, I'-p 'fol*^ 5 a finite number of solutions, which are 

i 

regular with respect to (r r c )* , p being a certain integer. These 
solutions, which we write 



are the only solutions of the equation in this domain. In virtue of 
lemma 10" at least one of these functions is real. Let C be one of 
the analytic arcs obtained from this solution and suppose that we 
substitute in w(r, cp) the corresponding value of cp. We thus obtain 



f -\ 

m(r, cp) = /n(r. f cpj + y A ((r - r.) J 



(P) 



where x( tt ) ^ s regular in the circle |tt|<S, and zero at M = O. Repea- 
ting this process for each of the arcs proceeding from every point of 
the circle r= r at which w(r , cp) has a maximum equal [M(r )] f 
we obtain a finite number of expressions similar to (p) and valid 
in r 8,, r c 4- 8 t . And these give all the relevant values of the 
maxima of m(r, cp) in a finite interval r 8 a , r -f 8 3 . For, on those 
portions of the circle of radius r exterior to the arcs |cp <pj <8, 
^( r ?)< [M(/* )]* Y, say. So, in virtue of the property of conti- 
nuity, we can find a small annulus r u B a , r + 5 3 , such that, in 

those portions exterior to the angles | cp <pj < 8, m(r, y)< [M(r )] f / 
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whereas those portions interior to these angles contain curves on 
which /n(r >? )>[M(r i )] 1 i Y . 

The functions (fc) are continuous and we now consider their diffe- 
rences taken in pairs. They constitute a finite set of regular func- 

i 

lions of a single variable (r r ) *o all zero at the origin. We can 
therefore find intervals J' ^''^/' + 5, and r s ^ r> C^o l(i which 
one of these functions (fi) is greater than or equal all the others, 
though not necessarily the same function in each interval. In each of 

these intervals M f (r) is a branch of an analytic function of the varia- 

i 

ble (/ r ) s <> and therefore has a derivative. 

Thus to every sufficiently large value of r there corresponds a finite 
non-evanescent interval r 8 B , r -t-\, in which the maximum mo- 
dulus of the function is attained on certain curves such as we have 
found. Further M f (r) is differentiable in this interval except possibly 
at r, where it has right and left-hand derivatives. It follows from 
the Ileine-Borel theorem that any finite interval R, R f can be covered 
by a finite nurtiber of intervals in which Uii^r) has these properties. 
Thus we have 

THEOREM 10. For all values of r greater than a certain number l\ 

the maximum modulus M 4 (r) is differentiable in adjacent intervals and 

i 

is attained on certain arcs of curves, ? = /,(-(/ /') s ) , where /, 
is an analytic function, the number of these arcs in any annalus being 
finite. 

In the case of integral functions the theorem is true for all values 
of r. 

Combining these properties of M t (r) we find that for r>r ^H 

/r 

where W(x) is an indefinitely increasing function continuous in adja- 
cent intervals. In the case of integral functions we may put r f = o . 
Blumenthal and subsequently Hardy have constructed examples 
shewing that the curve of the maximum modulus can actually shew 
discontinuities. 
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II. TlIE MAXIMUM TERM /?t(/') AND FUNCTIONS OF FINITE ORDER. 

We shall confine ourselves in what follows to the case of integral 
functions, but the method can be extended without difficulty to cover 
the case of a function which is the sum of an integral function and a 

regular function <!>( j vanishing at infinity. 

Consider the sequence of the moduli of the terms in the expansion 
of/W, 

C., C,r, ..., C.r" ..... 

This sequence lends to zero for all values of r . For every value 
of r there is therefore one term of this sequence which is greater than 
or equal to all the rest. This term (or one of these terms) we shall 
call the maximum term for the given value r, or simply the maximum 
term, and we shall denote its value by m(r). It was proved by Borel 
that the functions m(r) and M(r) arc of the same order of magnitude, 
in the sense that their logarithms are in general asymptotically equi- 
valent. We shall shew that for a certain class of functions this is 
true without restriction. The general case will be dealt with in 
Chapter IV. 

4. A general relation between M(r) and m(r). As a systematic 
method of finding Ihe maximum term we shall adopt the following 
procedure. Putting 



we ha\e 

(a,5) 



since \C a lends to zero as n tends to infinity. 

Taking axes of coordinates ox, oy let us plot the points A tt of co- 
ordinates ii y (j n . When C n is zero the y-coordinate of A fl is -f oo . 
It follows from (a, 5) that we can conslrucl a Newton's polygon having 
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certain of the points A rt as its vertices whilst the remainder lie either 
on or above it. We denote this polygon by TC(/). If n is the rank of a 
maximum term and m^=n 1 then plainly 

Om M lg '* ^ On n tog '' 

The geometrical interpretation of these inequality is that Ihe points 
\ tn do not lie below the line D r , of slope( f ) log r, passing through 
the point A tt . The point A w is therefore a point of the polygon TT(/) 



\ 

! Nv 3 

I . "**. 



I I 

I I 



I I 
I I 
I i 




IH2 



1 2 3 



n-i n H*I 



and the line D r is a " tangent " to this polygon it is the tangent of 
slope log r . A n is uniquely determined when log r is not equal to 
the slope of one of the sides of TC(/), and for such values of r there 
is only one term in the series equal to m(r). When log r is equal to 
the slope of a side of TT(/) there are several such terms and their 
number is equal to the number of the points A n which lie on this 
side of the polygon. When more than one term of the series is equal 
to m(r) we shall agree to regard the term of highest rank amongst 
them as the maximum term. With this convention N(r) will be used 



(') The slope of a line is the tangent of the angle it makes with the axis 
of x. 
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to denote the rank of the maximum term. N(r) is an unbounded, 
non-decreasing function of r with a left-hand discontinuity wherever r 
passes through a value such that log r is equal to the slope of one of 
the sides of TC(/), and it can assume all values of n corresponding to 
those points A rt which are vertices of *(/). These values of n we 
shall call principal indices. 

Two functions f t (z) and f t (z) with the same polygon have the 
same maximum term. That is lo say that the functions m(r) and 
N(r) are indcnlical for these two functions. In particular the func- 
tion 



(a, 6) 



where G M is the ordinate of the point of abscissa n on the curve TT(/), 
is a dominant function for f(z) and has the same maximum term. 
It is the simplest function corresponding to the polygon TC(/). The 
ratio 

(2,7) R. = C G -O-I 

of the coefficients in W(r) corresponding to C n _ t and C n we shall 
call the rectified ratio of C n _ t to C n . The logarithm of R n is equal 
to the slope of the side of n(f) between the points of abcissae n i 
and n, and is therefore a non-decreasing function of n leading to 
infinity. 

Supposing for simplicity that |/(o)| = i , we have 



m(r) = 



R.R.... 
and, since 

(*),, .- 



this may be written 

logm(r) = 
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In general 

/r N(x) 
dx 
x 

for o<r <r. 

We can now find a relation between /(/) and M(/). In the first 
place Canchy's inequality (1,6) shews that m(r) is less that M(/'). 
But clearly M(r) does not exceed the value of the function W(r). 
Suppose that p is an -integer greater than N = N(R) and such that 
the rectified ratio R^^r. Then, for 



and hence 



p-l 



eo p oo _ 1 

2 e- c '-"< P + 2 (F T~ P+I m(r) 

/> L p J 



In order that the two terms in the bracket may be substantially 
equivalent we take 



which implies that 



The addition of i in this formula for p ensures that in "11 cases p 
shall be greater than N(r), iu accordance with our hypothesis. 
Hence we have the following theorem : 
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THEOREM ii. iii(r)< M(r)< m(r) pN^r-f ~^) + il (2, 10). 

It can be shewn by moans of examples that the coefficient 2 in the 
bracket cannot be replaced by any number less than i, and that 

N( r -f - J cannot be replaced by N(r). 

It appears in the course of the proof of this theorem that the sum 
of the remainder of the terms of W(r) after a term of certain rank, 
in the neighbourhood of N(r), is negligible. Il is easy to see that 
M(r) is asymptotically equivalent to the sum of the first 



terms in f(z). 

5. Definition of order. Functions of finite order. It is clear, as 
is shewn for instance by formula (2, 9), that m(r) increases more 
rapidly than any power of r. So that in the case of those functions 
which satisfy the condition 



the relation (2, 10) appears in an especially simple form. In Cact the 
inequalities (2, 10) may be written 



and we see that 



or, in the usual notation, 

logM(r)c/> logm(r). 

The functions log M(r) and log m(r) are then said to be asympto- 
tically equivalent. 



This is not a general property of functions for which N(r) does not 
satisfy the condition (2, 1 1 a) imposed above. We can in fact construct a 
polygon x(f) such that, for an indefinitely increasing sequence of 
values of r, the number of terms equal to m(r) is actually greater 
than m(r). It is also sufficiently clear that N(x) may be chosen (and 
this amounts to choosing TT(/)) so that, though log N(r)/log r is 
always less than a given increasing function, equation (2, n) is not 
satisfied by the function W(r) . For this reason alone it would be 
convenient to regard those functions for which N(r) satisfies the 
condition stated as a class apart. We shall see later on however that 
they possess a number of other special properties. 

To be precise let us suppose that 

-r- logN(r) 

lim * v ; < + 

r=oo log r * 
Then, by equation (2, 9), 

log m(r) < log m(r t ) + fa? f <lx = -4- /* ' ' 4- k , 
A P + e 

whence, in virtue of (a, u), 



= . 
log r ,^oo log r ^ r 



Conversely, if we suppose that, beyond a certain value >, of r, 

logM(r)<r l4 " 

we have, still by equation (2, 9), 
N(r)log2< 

So that 



r^oo log r ^ r=oo log 
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The ratios 7= - - and ~^ - have therefore the same upper 
logr log/* '' ^ 

limit as r tends to infinity* The properly 



is thus a further characteristic of the class of functions satisfying 
(2, 1 1 a). 

We say \\\*\, functions satisfying this condition are integral functions 
of finite order p . All other, integral functions are cntted functions of 
infinite order. For a function to be of finite order it is plainly neces- 
sary (and sufficient) that there should exist a number K such that the 
inequality 

log M(r) < I* 

is satisfied beyond a certain "value of /, The order is then at most 
equal to K . 

If/(z) is an integral function of order p, the rank of its maximum 
term m(r) is less than r p ^ s , z being arbitrarily small, provided that r 
is greater than /, . From the inequalities (2, 10) and (2, i) we deduce 

THEOREM 12. For a function of finite order p the inequalities 



A(r)<M(r)< A(r)r^* 

are satisfied for r>r, , e being arbitrarily small, and, a fortiori 

logM(r)co logA(r). 



Let us now turn to the derivative /'(z) of f(z). 
Plainly 



\vhere the integral may be taken along a straight line. So thai, 
choosing z such that \f(z)\ = M(|z|), we have, in virtue of the fact 
that the maximum modulus M*(r) of/'(^) is an increasing function, 

M(r)< |/(o)| + rM'(r). 
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On the other hand, by Canchy's theorem, 



C being the circle \z x\ = R r (R > r = |.t'| ), Consequently, 
putting |/'(a?) | = M'(' % ) we nave 



The functions M J (r) and M(r) therefore satisfy the inequalities 



_ 

inequalities which are valid for functions with a finite radius of 
convergence as well as for integral functions. 

From these inequalities it follows, giving R some special value, say 
R = ar, that the ratios logM(r)/logr and logW(r)/logr have the 
same limits of indetermination as r tends to infinity. That is to say 
the order of a function and the order of its derivative are equal. 

Greater precision is possible in the case of a function of finite 
order p, Let m'(r) be the maximum term and N 1 the rank of this 
term in/'(z). Then, for r>r t , 



'(r)t*+ t , m - (r) = 
and so 



and we have finally this theorem : 

THEOREM i3. The relations (2, i3) are valid for any function re- 
gular in a circle of radius greater than R , and in the case of an inte- 
gral function of finite order p 
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for all sufficiently large values of r and for an arbitrarily small posi- 
tive s , and, a fortiori, 



)^ logM(r). 
The order of the derivative is also equal to p . 

We shall see in Chapter IV how far it is possible lo extend these 
results to cover the case of functions of infinite order. Functions of 
finite order are, as we have seen, dominated by the maximum term 
w(r). The logarithm of this term is asymptotically equivalent to the 
logarithms of M(r), \(r) and M 4 (r) and its order of magnitude deter- 
mines the order of magnitude of these functions. 



III. THE RELATION BETWEEN M(r; AND THE SEQUENCE OF COEFFICIENTS C w . 
FUNCTIONS OF FINITE ORDER AND REGULAR GROWTH. 



The inequalities (2, 10) enable us in the most general case to cal- 
culate an approximate value for M(r) when the moduli G M of the 
coefficients in the Taylor series are known. In the particular case of 
functions of finite order it is shewn by the inequality (2, 1 1) that an 
approximation to logm(r) gives an approximation to logM(r). The 
inverse problem, however, is not so easily solved. This proolem 
may be stated as follows : if we know an approximate value for 
logM(r), what can we say about the coefficients? But, first of all we 
must know what conditions a given function V(r) must satisfy in 
order that the approximate equation 

logM(r)" V(r) 

may be possible. There is no difficulty in finding a condition in the 
case of functions of finite order, that is lo say the case in which, for 
all sufficiently large values of r , V(r) < r K . As equation (2, t\) shews, 
it is necessary that 



r 

//'o 
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where W(a?) is an increasing function continuous in adjacent intervals. 
That this condition is also sufficient follows from the fact that inte- 
gral functions for which N(r) is equal to the integral part of W(r) for 
all values of r will certainly satisfy the asymptotic equation 

logM(r)</> log/n(r)</> V(r). 

In particular it is clear that we may take for V(r) any continuous 
different! able function subject to the condition that rV'(r) shall be an 
increasing function : e.g. A/^; A;^(log r) p * ; A(logr) 01 (*>i) etc. 

If V(r) is such a function we may suppose a fortiori that 

Iog_M(r)_ log.M(r) log.M(r) 

IL V(r) -'' !LlogV(,-)- '" IL - 1 ' 



If such an approximation to M(r) is known, then the maximum of 
the ratio M(r)/r* provides us with an upper bound for C u for each 
value of ;i, in virtue of Cauchy's inequality 

C.r"<M(r). 
On the other hand 



where r is some fixed number. From the first of these inequalities 
we obtain an upper limit for N(r) and substituting this in the term 
in brackets on the right we obtain from the second inequality a lower 
limit for the integral, and so for N(r). We have thus found an approx- 
imation to N(r), and consequently to the inverse function R H . 
Finally the equation 



gives an approximation to G n . That is to say that we can find two 
curves in the plane of (#, y) such that the polygon TI(/) lies between 
them. 
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6. Pratical rules. la practice we compare the growth of M(r) 
with that of a known function. Let us suppose that we know an 
integral function 



with positive coefficients such that the ratio r u /r,,.._ t is a non-dccreas 
ing function of /z, and satisfying the condition (a, 1 1). 

If, for rt>fl , the coefficients G n of another integral function f(z) 
are less than the coefficients V lt , then 



//" for a sequence of numbers n tt n 9 , . . . , n p , ... 
then, for 



where may be taken as small we please provided that r is sutliciently 
great. 

Conversely, suppose thai a function f(z) is of finite order or that 
a preliminary calculation of the upper limit of N(r) has shewn that 
f(z) satisfies the equality (2, n). Then, if for all sufficiently large 
values of r 

M(r)<J(r)'- (a>o), 

we have ultimately 

c ff <r tt . 
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For the foregoing argument has shewn that if the contrary is true 
for an infinite sequence of values of n this implies that M(r) > J(r) 1- * 
for a sequence of values of r, e being arbitrarily small. But this is 
contrary to our hypothesis. 

//, for a sequence of numbers >\,r z , . . . , r p , ... tending to infinity 



then for a sequence of values n g of n 



Ifj however, M(r) satisfies this inequality for all sufficiently large 
values of r, then 

-G.>iogr. 

for all sufficiently large values of n . 

The first part of this rule follows from the fact that if, for all suf- 
ficiently large values of n , C lt < I\ , then M(r) < J(r) 1 ' * . 

To prove the second part we observe that if, for a certain value 
AI>AI O , G n <^log I\, then for that value of r for which N(r) = n 
the maximum term of f(z) will be less than or equal to the corres- 
ponding term in J(r), and so less than J(r). 

If we know both an upper and a lower limit for M(r) then we know 
two curves limiting TC(/) and consequently a lower bound for the 
coefficients G w , where n is a principal index. 

We proceed to apply these rules, taking as comparison series the 
function 



Its maximum term for a given value r corresponds to that value 
of n for which the expression 



&(ri) = n I log Ar log n j 
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is a maximum. The derivative of this expression is 

|/'(/i) = log Ar -- log n -- 

P P 

and, if N(r) is the rank of the maximum term, the difference between 
N(r) and the root of the equation fy'(ri) = o is less than i . In fact 



The function is therefore of Quite order equal to p and 
logJ(r,\,p)</>~(Ar) p . 

THEOREM \f\. The necessary and sufficient condition that an inte- 
gral function should be of finite order p is that 

(a, 1 4) lim r -^ - should be equal to , 

p 



The condition is necessary because, if the order is p , we have, for 
sufficiently large values of r , 



so that, for all sufficiently large values of n, 



Hence 



_ 



-^ n log n ^ p 
On the other hand, for a sequence of values of r , 



FUNCTIONS OF UEGULAR GROWTH. f\l 

so that for a sequence of values of n 



and 



It can also be shewn without difficulty that the condition is suffi- 
cient. 

The use of the comparison function J(r, A, p) enables us to prove 
in a similar manner that : 

//p, 13 and D are given numbers, and B>^D, the necessary ana 
sufficient condition that a function should satisfy the inequalities 



is that we should have 



The use of more complicated comparison functions, such for ins- 
tance as make logM(r) approximate to A/ J) (logr)ft etc., leads to 
analogous results. 

7. Functions of regular growth. In this section we have so far 
restricted ourselves to the consideration of what Borel has called 
functions of regular growth. That is to say such (hat, 

/ e \ 
(2,16) 

The inequality 
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is Ihen true for all sufficiently large values of r, being arbitrarily 
chosen. For such functions there foic 



fi 



lim 

/i=oo n log n 



For the inequality (,3) is now valid for sufficiently large values of/ 1 , 
and so (y), where C a is replaced by e~ Cr n, is valid for all sufficiently 
large values of n . For all n greater than a certain >alue the polygon 
r.(f) will lio between the two curves 



y = x log x , 



y = xlpgx. 



The polygon n(f) is convex downwards. If n and n 1 arc two conse- 
cutive principal indices, that is to say that An. A a ', are two consecu- 








live vertices of TT(/), the chord A n An' must lie between the two cur- 
ves TC, and 7c f . The interval between the numbers n and n! is a 
maximum when A a nnd \ n ' arc the points of intersection with 7c a of 
a tangent to u, . Let X be a point of it, and X, , X f the points of inter- 
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section v\ith -, of the tangent at X(X 4 <X, X,>X). X, and X a are 
the roots of the equation 



o -f- s 
or 



xlogx 



P 



log X j j -h X = o. 



The left-hand side is posilhc for x X/(logX -f i ). Therefore, 
since the expression is negative for x = X, X t is greater than this 
number X/(logX 4- i). Similarly the right-hand side is positive for 

logx = - - - (log X -f i), so that log X 4 is less than this expression, 

p 

and we have 



Hence 

logn' 

log n p 

The cocflicienls C,, are therefore equal to the nnmhers e~ G for a 
sequence of values of n such that the ratio of the logarithms of two 

consecutive values of n in the sequence is less than - - . But is 

5 --- 

arbitrary and we see that* there is a sequence of numbers n^ /i , . . . , 
n, . . . such that 



and 



as 



This condition, in conjunction with (2, i/), is sufficient to ensure 
that the function shall be of regular growth. For if it is fulfilled 
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the polygon ?:(/) lies entirely below the curve w t for /i>/2, and, it 
follows that M(r) is greater than the maximum term of the function 
J(r, i, p e). Hence we have the following theorem. 

THEOREM i5. The necessary and sufficient condition that a func- 
tion of order p should he of regular growth is that the coefficients C u 
should satisfy the inequality 



* beiny arbitrarily small and positive, for all sufficiently large values 
of n , and that there should be an infinite sequence of numbers n p , 
such thai 



for which 

v^n p ^> n p ff ~~ lp j where e p ->-o as P-+-QO. 

By similar methods it is possible to obtain more precise -results, such 
as the following : 

The necessary and sufficient condition for 

r=roo 1* 

is thai, for all values of e and all sufficiently large values of n, we 
should have - 



and that there should exist a sequence of numbers n p , such that 
Jor which 



lim (n + l //^) = i, 

/)=oo 
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Functions which satisfy the condition (2, 16) we shall call functions 
of perfectly regular growth. In the sequel we shall consider an exten- 
sive class of differential equations and we shall shew that integral 
functions which satisfy these equations are of this kind. A function 
of order p will be said to be of very regular growth when two finite 
positive numbers B and D can be found such that 



The same method suffices to shew that the necessary and sufficient 
condition for the existence of such numbers is that, beyond a certain 
value of n y the polygon TT(/) should lie between the two curves 

x _ x x , x 

y = log 



p "*(!-.)> '-p^CD + .Jep' 

But we are no longer able to find necessary and sufficient condi- 
tions of the same form as in the preceding cases, AAherc we wore able 
to approximate to logM(r) as closely as we pleased. 

In the present case it can be shewn that 



and that 



for a sequence of numbers n p satisfying the condition 



where x t is the greatest and x % -the smallest root of the equation 

x B 
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But these conditions, while they imply the second of the relations 
(2, 17), give a less precise result for the lower limit. In fact we can 
only deduce 



. 



The oscillation of the polygon TC(/) between the two curves depends 
on the nature of the oscillation of logM(r) between B/^ and D/^ and 
of this we are in ignorance. 

This example reveals, perhaps better than the previous ones, the 
interest attaching to Iladamard's polygon rc(/). 

8. Functions defined by Poincar6's functional equationsC). 
Under certains conditions, which it is unnecessary to discuss here 
the functions defined by the equation 

(a, 18) /() = P.(z)lf(z)}' + - - . + P p (z) (S= M > 0, 

where P / (z) is a polynomial, are integral functions. They are of very 
regular growth, and it is as examples of such functions that we con- 
sider them here. Let M(/*) be the maximum modulus of a solution 
of (a, 1 8). To calculate this function put 

l\(z) = <v' + ... (A = |o.|) 

and we have plainly 

M(Sr) = (i + /i(r)/r)Ar'M(r) p , (fc(r) bounded) 

since M(r) ultimately surpasses any number of the form r K . If we 
suppose that p>> i it follows without difficulty by repeated applica- 
tions of this relation that 

M(SV ) = [(i+ i|(/i) ) K(r )]P n (lim ^(/i) = o\. 



(') Poincar^, Journal de Mathtmatiques, 1890. 
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Consequently 

logM(/-)"H(log/-)/- Iog/>/1 6S 

ll(x) being a periodic function and its period logS. We have thus 
a class of functions of very regular growth of order logp/logS . 

When p i , we obtain, as a result of repeated applications of 
tin-, first relation 

n(n i) 



where H(/i) lies between I wo positive numbers. Therefore 
logM(i-)" 



and the function is found to be of zero order and perfectly regular 
growth. The properties of its coefficients could be discussed by the 
general method of paragraph 6. 
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CHAPTER III. 
The zeros of functions of finite order and Borel's theorem. 



The theory of integral functions, or more generally of the functions 
F(z) having an isolated singularity at infinity, may be developed in 
t\vo directions. On the one hand we may seek to deduce from facts 
about the zeros information concerning the formal factorisation of 
F(z). On the other hand, regarding the problem from the point of 
view of the theorems of Weierstrass and Picard, we may endeavour 
to acquire a deeper insight into the nature of the function by investi- 
gating the .properties of the roots of the equations F(z) a = o . 
The study of the zeros of these functions thus serves a double purpose, 
since it contributes to advance the theory along both these avenues. 
In this chapter we give first of all the theorems due to Hadauiard and 
Horel concerning the formal factorisation of F(z) and then proceed to 
a direct investigation of the moduli of its zeros by the methods of 
Rorel. The results that we shall prove bring out very clearly the 
close relationship existing between the two points of view. 



I. TlIE EXPONENT OF CONVERGENCE AND THE FORMAL FACTORISATION. 

1. Jensen's theorem. The following theorem, which is due to 
Jensen, is fundamental in our treatment of the subject. 

THEOREM 16. Let f(z) be an Integral function such that /(o) =)= o 
and let t\ , r t , . . . , r n , . . . be the moduli of its zeros arranged as a non- 
decreasing sequence. Then, if r n ^ r ^ r n ^ , 

(3, i) log > '" I/(0)I = f^ log |/(re")| <f f . 
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Both sides of this equation have a derivative which is continuous 
except at the points r = r n . This is obvious in the case of the left 
hand side; and, since f*(re**)/f(re 1 *) is uniformly continuous in / 
and <p in any domain which does not contain a line r = r lt , the same 
is true of the integral also. Further these two derivatives are equal, 
for if r lies helween r u and r n , f we have, hy Cauchy's theorem, 



: f(z) 



* 

re * 



which may he written 



and the first and last of these expressions are the derivatives of the 
left and right-hand sides of equation (3, i) respectively. Therefore, 
since the two expressions in equation (3, i) are equal when r = o, 
it will be sufficient to prove that they are continuous to establish the 
theorem. In the case of the left-hand side this is obvious. Now 
consider the integral on the right. Log \f(re ir )\ is continuous in r 
and cp except for r = r n and, if cp t , <p t , . . ., cp p are the arguments of 
the zeros of modulus r n , we may write 



log |y(re")| = log 



where the function }(r, cp) is continuous in a rectangle 



The problem is thus reduced to that of shewing that the integral 



/a* 
log 
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exists and is continuous for r = r H . This follows from the inequa- 
lities 



_ 6 >i(.-~ ?v ) 


=^= *j. sin 


? "" ?^r 


<-3 5 




M 




;' 


*f-,,> 


<3 if /' a/',,, 


'' " 







valid for |'f~-'f fl |<-~- For the first two shew Ihat the integral 
exists for r= r H , and the first and third shew that, provided r< 2/',,, 



20 lOg-^* 



which implies continuity. 



log 



log 3 



\s a deduction from Jensen's theorem we have the inequality 



which is strictly analogous to Cauchy's inequality (i, C) and can be 

r n 
put to similar use. For, since the function - - ~ is a maximum 

'*! 1*m 

when m = n, the inequality holds for all values of n and r. If 
/(o) = o and c p is the first coefficient which is not zero the inequa- 
lity can be applied to the function f(z)/z p . 
As in the case of an analogous expression (equation (a, 9)) 



\ OK 



can be transformed into an integral. Let n(x) denote 



the number of zeros, at the origin or elsewhere, in the circle \z\ 
Then 

r* f r n(x) p 

log = / ax, 

ri\...r tt Jr. x 
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and so generally 



(3, 2) dx < log M(r) - log \c\-p log r, . 

/r A * 

This last inequality shows (lint from the value of log M(r), we 
can deduce an upper limit for the number of zeros of the function. 

2. The sequence of zeros and the exponent of convergence. 

Del M(r) be the maximum modulus of a function of finite order p. 
Then, given s, 



Therefore, by (3, 2), 

/!(/-) log 2 < 

and so 

(3fS ) . 

x 



. , . 

r * =oo log r,, r-oo log r ^ r 

The number p 4 defined by this equation has the following impor- 
tant property : The series 



<*.*> 



w convergent for T > p t an(/ divergent for T < p 4 . 

We must clearly suppose that p f is finite. To prove 'the first part 
of the proposition we observe that, by the definition of p t , n<irj*+' 
for all sufficiently large values of n\ and, T being greater than p, AVC 
can choose e so that p 4 -f e<r Consequently 



( l ) To avoid repetitions, we shall denote by K or by Kf an> positive cons- 
tant which does not depend on the variables. 
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provided that n is sufficiently large, and the convergence of the series 
is established. 
If T < p t we have, for a sequence of values of n, 



Since the numbers u n form a non-decreasing sequence it follows 
from this inequality, putting m equal to the integral part of n/i, that 

n m i 

+ , + f "> > 



In this case the series is therefore divergent. 
Now observe that 



21 fm+i n(x) 

77= V, 



in 



So if the series is convergent the integral on the right is convergent 
a fortiori. Conversely if the integral is convergent, n(x)/x* tends to 
zero, for we have 



/ ar n(x) , n(r) , 
-^FT^>-M^- a > 
,L I 



The right-hand side of the equation is therefore bounded and the 
series is also convergent. We have then this further property of the 
series (3, 4) : The series (3, 4) and the integral 






converge and diverge together. 

The number p, is called the exponent of convergence of the sequence r n . 
The following theorem is simply a statement in different terms of 
inequality (3, 3) : 

THEOREM 17. The exponent of convergence of the sequence of the 
zeros of a function of finite order p does not exceed p . 
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3. Canonical products. Let p, be the exponent of convergence of 
the sequence of zeros of a function of finite order. Availing ourselves 
of the remark at the end of $ 1.6 we can construct a Weierstrassian 
product with these zeros. It is apparent that matters will be sim- 
plified by taking p as small as possible. There are then two cases to 
consider according as p t is or is not an integer : 

(i) when p, is not an integer we take p equal to the integral part 

of * t . 

(ii) when p t is an integer we take p = p, if the series (3, 4) diverges 
for T = p t , and p = p, i if the series converges for T = p t . 

In other words p will be the smallest integer such that the series 
(3, 4) is convergent for T =/> + i . The product 



we shall call the canonical product for the given zeros, p being its 
genus. Borel has proved two fundamen tal theorems concerning cano- 
nical products which we shall deduce from the following inequalities : 

// P(z) is a canonical product of genus p and k a positive number 
greater than i , then 

(3,6) log|P(*)|<KI 

and 

(3,7) 
where 






These inequalities can be deduced from those obtained in the 
proof of theorem 6. The number N being defined as above we had 
(inequalities (i, 9) and (i, 10)) 



54 
where 
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log \Q(z)\ 



Now, for |u| ^- and all values of p, 

+ ||) -f |u| + - 
|H| +log(i +/0+ M 



<log || + K, + K, |u| p < log |u| + K, 



and 



log |E(u, P )| > log [ i - a| - ( |[ + . . . + 1-i. 



> log 1 1 M| log || K s 



Therefore, writing 



we have 



But 



-U<log|P N (z)|<U. 



so that, replacing the logarithm by an integral, we have 
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Now the series on the right can also be transformed into an inte- 
gral, for 



/ \ i I \ "' / 1 I n M-f- 1 

n(x) d ' i - - i 




and, since the series of positive terms is by hypothesis con- 


vergent, the expression 



u P+ 

n+i r p /i 
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. . '4- u, M1 i 4- B^, /+' 

n-fi 

ends to zero with \/n. Hence 

oo 

\^\ W i tl(JC)F pr ~\~ (p -f" I) X 
> . = / B . ; x : " f W? . 

^^ i -f w w y<> JCT (x + /') ,t* -f- r 

The factor (pr 4- (p -f i)x)/(x -f /*) in the integrand is confined 
between the limits p and p -f- i and may therefore be replaced in 
the inequality by constant factor p -f- i . Thus we obtain 

U -f- V< 

Finally the coeflicient of dx in the integral I is always greater 

than - in the range (o, /*), so that the first integral in this inequality 
is always less than a I and consequently 

U + V<KI, 
from which the inequalities (3, 6), and (3, 7) follow. 

Consider a function of exponent p 4 . If p t is less than p -f i we can 
choose s such that p 4 + s<C/> -f- i and 

r< 3fc2 



n(x) < 
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for x>x t . Substituting this in (3, 6) we ha\e 

fe p i 



/oo yji-fe 
~ 
x - 



-f- r 
<K, + Kr" fjcti+'-p-'dx + Vir'*' 1 / 

*/p, /r 

= K, + K./f+s 



since (a: 4- r) is greater than r and x . The order of P(z) does not 
therefore exceed p f . 

If p t = p -T|- i the integral (3, 5) is convergent for t = /> + i . So, 
writing 



we see that the second of these integrals may be made arbitrarily 
small by choosing r/H sufficiently large and that the first is less than 






Since II may be chosen as large as we please it follows ttutl 
(3, 8) lir 



and ia this case also the order of P(z) does not exceed p t . Comparing 
this result with theorem 17 we obtain the first of the two theorems 
in view : 

THEOREM 18. The order of a canonical product is equal to the 
exponent of convergence of the sequence of its zeros. 

From this theorem in conjunction with inequality (3, 7) we can 
deduce the second of Borel's results : 



CANONICAL PRODUCTS. 



5 7 



THEOBEM 19. If about each zero a n of modulus greater than i as 
centre there is described a circle of radius '*"""* (^ >?,)> then in the 
domain excluded from these circles 



(3,9) 
provided that 



log | 



jy . 



In the first place the series of the radii of the circles described about 
the zeros is convergent, so that they certainly do not cover the whole 
plane, and the excluded domain actually exists. Moreover it is clear 
that in any aniiuliis R, R -f X of sufficiently large radius there are 
circles \z\ = / which do not cut the small circles about the zeros. 
This is the main properly utilised in the sequel. 

Now, recalling the argument of theorem 18, we have, in -virtue of 
inequality (3, 7), for r^>r tt 



log |P(2)| > - r?t+< + log 



i 



For those zeros which lie inside the unit circle, and for all suffi- 



cienlly large values of r , 



circles we have for all the other zeros 



If z lies outside the excluding 



kr 



Therefore, for all sufficiently large values of r, 

N 



i 



. (h 4. i) log (kr) . n(kr) > K log r . 



.e being an arbitrarily assigned positive number. This proves the 
theorem^ 
In particular it is shewn that there is a sequence of circles of inde- 
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finitely increasing radii on which the maximum modulus of i/P(z) 
is of the same order of magnitude as the maximum modulus of P(z). 
As we shall see later on this is a general property of integral func- 
tions. 



4. Formal factorisation. We are now in a position to prove Ha- 
damard's fundamental theorem concerning the factorisation of a 
function (z) having an isolated essential singularity at infinity. 

THEOREM ao. A function F(z) of finite order p is of the form 



where Q(z) is a polynomial of degree q , P(z) a canonical product of 
order p t , 

P, <?> <1<? 

and p does not exceed the greater of the numbers p t and q . 

Since Y(z)=f(z) *!>( J, where /(z) is an integral function of 

order p, the sequence of zeros of Y(z) will have an exponent of con- 
vergence p t not exceeding p . Therefore, if P(z) is the canonical pro- 
duct formed with these zeros, we have (i, 1 1) 



where g(z) is an integral function. It follows from theorem 19 and 
the definition of order that on a sequence of circles of indefinitely 
increasing radii 



The real part qf g(z) is therefore less than r M? * on this sequence 
of circles, and so, by corollary 7(6), g(z) is a polynomial of degree q 
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less than or equal to p -f- as . Since e is arbitrary this number may 
be replaced by p and, seeing thai the order of e q( * ] is is equal to q t 
the proposition is proved. 

COROLLARY 20. If F(z) is of non-integral order p , the exponent of 
convergence p t is equal to p . 

For, since q is then certainly less than p,, p t = p . 

The genus of V(z) is defined to be the greatest of the numbers /) 
(genus of P(z)) and q . The genus of a function of non-integral order 
is therefore equal to the integral part of the order. In this case the 
form of the factorisation is completely determinate, and for an inte- 
gral function whose Tax lor series is known the actual coefficients 
in Q(z) can be found independently of any knowledge of the zeros. 
To prove this \vc suppose for simplicity that /(o) = i . Then 

f(z) = i 4- c t z 4- . . . 4- c p z p -f . = e*i*+ +VP(z). 

Now, for |tt|< i , 

_!!!!!_ . P" 

K,(u, p) = e /'+ 1 



Consequently 



and b t , b t , . -,b p can be calculated by equating coefficients. 

On the otheK hand when the order p is an integer there are live pos- 
sibilities : 

(i) ?,<?, P^p, </ = P genus is equal to p, 

(") Pi^?> 7 ?=: ?' ^^p P ? 

(iii) ?, = ?, P = p ( y<? p, 
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In case (v) the modulus of the canonical prorlnrt satisfies condition 
(3, 8) and, since Q(z) is of degree less than p , 



Similarly in cases (i) and (iv) 

lim 
Consequently if 



the genus, exponent of convergence and order are equal and the series 
(3, 4) is divergent for T = p; if 



the genus and the order are equal. 

We shall see later thai when condition (3, 10) is satisfied the genus 
may depend on the first coefficient of the function, and therefore 
cannot always be determined by the asymptotic behaviour of M 4 (r). 

In the case of functions of integral order the terms of the polyno- 
mial Q(z) can be found if the zeros are known or if the series (3, 4) 
is divergent for T = p . 

5. Examples. To illustrate the results of the preceding paragraph 

we give below two examples of their application to special functions. 

Consider first the function sin (rcz). It is shewn by Eulcr's formula 

sin(7r2) = ~(e mt e-"*) 
at 

that the only zeros of the function are at the points o, i , 2 , ... 
and that logM(r)<Ttr. The order, exponent of convergence and 
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consequently the genus of sin -z are therefore equal to i , and we have 



sin TIZ = w; 



or, expanding both sides, 

3 ^1 

*z ^r- -I- ... = rcz(i 4- fo ~h . .)(' 4- *** f 
6 



Therefore ft = 6, and we obtain the familiar result 

oo 

2" 

sin 



' no ? 



As our second example we consider the function l\z} defined, for 
Re == real parl of z), by the integral 



/ 
e J a?* '/At-. 

Let <I(2) be the tiinrlion defined by the integral 



where the contour G is formed by the two edges of a cut along Ihe 
positive real axis and a small circle about the origin in the plane of a. 



The integration is effected in the direction of the arrows and we lake 
n*-i = (*-)!<>*, the logarithm being real at the upper edge of the 
cut along the real axis. 
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<t>(z) is an integral function of z, for it is clearly defined for all 
values of z and is easily seen to be continuous and diflferen liable. To 
determine its order consider two poinls P and Q of abscissa X on the 
contour. If c is the radius of the circle about the origin we have, 
pulling \z\ = r, 



f 

yQo 



e M a* 'da < 

p 

The remainder of the integral is in absolute value less than 

(u real) 



/ f 



and so, if X'* l = e*/* , less than t\& vr . Therefore, if r is sufficiently 
large, X = K/ 1 log r and 

log|*(z)| < Krlogr, 

thus shewing thai the order of <I>(z) is not greater than i . 
Assuming ;ftz>o and letting c-*-o we find 

(a) ci>( 2 ) = ( i * tlltt ) F(z) = 21 sin (wz) e m V(z) , 

and it follows from this equation that T(z) can be continued over the 
whole plane and that its only singularities are poles. The equation 



sm TTZ 



which is easily established for real values of z between o and i, is 
therefore valid over the whole plane. Substituting Ibis value for sin KZ 
in equation (a) we have 



The function ^ -, and so = , is thus an integral function of 

1 (i z) 1 (z) 

order not greater than i . Further, it follows from equation (a) that 
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the zeros of coincide with certain of the zeros of sin TIZ. Bui, 

since l\/i) = (n i) ! for positive integral values of /i, the only possible 
zeros are the points o, i, 2, ... and it is apparent from equation 

(p) that these points are actual zeros of Ty-r which is therefore an 
integral function of genus r . Thus 



In virtue of (p) we have 



and so 

A = i. 

We have also k . ~ i 

e*P(i) = i 

or, b beir ~ l\z) and l\z) are real fuuctiops, 



and so finally 



The constant b in this formula is known as Euler's constant. 
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If. THE ZEROS OP FUNCTIONS OF FINITE NON-INTEGRAL ORDER. 

Corollary 20 constitutes a notable advance on Picard's theorem. 
When the function F(z) is of order p and p is not an integer we can 
assert not merely that all the functions F(z) x without exception 
have an infinity of zeros, but that these are so distributed as to make 
the scries (3,4) divergent for T<Tp. It is possible, however, to 
obtain more precise results than this, and in the present section we 
shall consider the problem further in the light of a new idea. We 
shall pass over for the present the case of functions of zero order, 
though they properly belong to the category of the functions of this 
section, reserving their consideration for chapter V. 

6. Proximate orders. The results of the last section were ob- 
tained by comparing the growth of the function logM 4 (r) with that 
of r p . It is reasonable to suggest that the use of a comparison func- 
tion more closely linked with logM 4 (r) may lead la more precise 
information. 

Let F(z) be of finite positive order o . Then there exist continuous 
f and ions p(oc), defined for .T>.T O , differentiable in adjacent intervals 
and such thai 



Hm p(or) = p , Hm p(ic) ^> J5 , 

Hm (xp'(x) log a?) = o 

fl/K/ 

(3, i3) Hm ^ r * ' = i , w//e/'6' o<p>^p. 

We prove this by establishing the existence of particular functions 
p(#). This coulrf be done in an elementary manner starting from the 
Taylor series of an integral function. But for the sake of brevity WP 
shall adopt a different procedure depending on the use of Blumen- 
Ihnl's results. 
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Let 

log M//-) = ;* <r) . 

Tlien the upper limit of {/.(r) as r-^oo is equal to the order p. 
Now we know that any interval X,X can be divided up into a finite 

number of intervals X,, X t , . - ., X ;l , in each of which the function 

i 

!/.(#) can be expressed as a power series in (x X,) *'< , the expansion 
bei.ng valid in the segment \, X ll4 . In such an interval the two 
functions 



x log x Iog 4 ./ 
will have a finite number of zeros, and it follows that the curve 



will have a finite number of points of contact with the curves of the 
two families 

C(X) y = log, x 4- A , C'(X) y = Iog 3 x -f X . 

The angular points(') of the curve P and its points of contact with 
the parallel curves C(X) constitute a finite or infinite sequence X t , 
X' t , . . . , \' u , . . . , and there is a similar sequence X t , V t , . . . , \" lt . . . 
formed with the angular points and the points of contact with the 
curves G'(X). We assume that \ t >e f is a point beyond which Blu- 
menthal v s theorem is true, so that both sequences possess at least one 
member. Now consider the set of curves 

T, y = .*(x) 
c \ y,..() = r^ V.) + !,- log, X 1 , for x<X'. 

( V, I|( (.T) = O for x<K" u 



( l ) Points al \\lucli y.(.r> lias um-((ual rijflil and left-hand dcvivalivcs. 
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and the straight line y ~ ,&,(?/< f). For every value of x>X t one 
of the numbers y itt (x) is greater tlipn or equal lo all the rest, for, 
since ji^X',,) is bounded, we can choose n so large that y t ^(x) will 
be negative, assuming-of course that the sequence \' M is infinite. If 
this sequence is finite the assertion is trivial. Let \ t (x) be the function 
of x equal to the greatest of the numbers y lfll (^) at each point. It is in 
general a discontinuous function coinciding successively with certain 
of the functions y t tt , and at the points of discontinuity its right- 
hand value is equal to \*.(x). Similarly there is a function Y,(JP) 
equal to the greatest of the numbers j t w at each point and coinciding 
successively with certain of the functions y tjtl (x). Now let p(#) be 
defined to be the greatest of the numbers *(#), Y/ac), Y,(JC) and f*,. 
p(o?) is continuous (for at their points of discontinuity the functions Y, 
and Y are equal to [/.(#)), and coincides alternately with these four 
functions, unless it is ultimately identified with |x(x). If c(x) = JJL(JC) 
in an interval, then 



1 x log x log a x 

is continuous and does not vanish in 'the interval, and is therefore 
negative. For if it were positive ji.(a?) Iog 3 x would be an increa 
sing function in the interval, which must consequently be limited. 
If X is the right hand limit \L(X) < K-(X) 4- log, x Iog 3 X and, since 
the point X must necessarily belong to the sequence X' M , it would 
follow that }*(#)< Y 4 (#) in the interval, which is contrary to our 
hypothesis. Similar!) 



' x log x log s x 

Therefore for all values of x 



Further it is clear that p(.r) > p, and lim r(x) = p . The conditions 
laid down are thus fulfilled by the function p(.r) as defined, for we have 
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and Ihe equality holds at all events in a infinite sequence of points, 
and, when jx(.r) is ronlinuous, in an infinite sequence of segments. 

It only remains to shew that we can find a function z(x) tending 
to p . If the function constructed as ahove does not tend to p it will 
have a lower limit p<? f r * r = Suppose that ft' is another 
number lying between p and p. There is a sequence of points tending 
to infinity at e,;ch of which s(x) = u(x') ^ $ . Let jy denote the 
first of these points. N'ow considering an infinite sequence of num- 
bers fj t tending to p, wo sec that it is sufficient to replace p(x) by the 
greatest of the numbers z(x) and fj t in Ihr interval x h , x^ t to obtain 
a function which tends to p and satisfies all the above conditions. 

A function p(r) \\hich satisfies these conditions and tends to p we 
shall call a proximate'order L (Lindolof) or simply an order L . When 
the order p is not an integer a function p(/') such that lim p(r);>p, 
where p is the genus, will be called a proximate order B (Boutroux) 
or order B. Functions p(r) in general v>ill be called general proxi- 
mate orders. 

If p(r) is an order B there exists a number y. such that ultimately 

r^-" * and ,^-PW- 

are increasing functions^ 1 ). For their diderenlial coefficients are 

( ?(/') - p + pW r log r ) i^-* , 
(P -I- i ~ f(r) - - f '(':)' l^ r '-"^ " a 

and since rlogrp'(r)->-o and the limits of i ride termination of p(r) 
lie between p and p -f i , a may be chosen so as to make both these 
differential coefficients positive. 

7. Thfe distribution of the zeros. Let F(z) be a function of finite 
non-integral order p, p(.x') an onjer B and a a number such that 



( l ) Boulroux uses this properly as the definition of a function c(r) such 
as >\e have called a proximate order B . 
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are increasing functions. Then, if k > i , it follows from Jensen's 
theorem that 



n(r) log k < dx < log M,(*r) + K < (/cr) p(A>) + K 



We might try to fix If so as to deduce the best possible approxima- 
tion to n(r)' but the inequality 

(3,i4) /i(r)<Kr p(r) (r>r.) 

will be sufficient for our purpose at the moment. 

Now for an indefinitely increasing sequence of values of r we have 
r p(r) = logM t (r), and so, by (3, 6), 



Hence, for these values of r, 



,.H"<Kr* + K/- ,/* + 

// ^ 



where X> i . It follows from (3, i4) and the fact that x f>(l) ~ p ~* is an 
increasing function that the first of these integrals is less than 



K, ,- 



Similarly, since x^ 1 **""'"" 1 " 1 "' is a decreasing function; the second 
integral is less than 

x*- f - t **x- t -*<lx < K 8 ~ r^*-*-'. 
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The third integral is equal to -[V X~ p ] . Therefore 



and linally, choosing X such lhat K,X *<-, 



The following proposition is thus prcned : 

If F(z) is a function of non-integral order p and p(r) is an order, B 
of this function, the number of zeros n(r) satisfies the inequality (3, i4) 
for all sufficiently large values of r, and the complementary inequality 

(3,i5) (,.; >.!,. MO 

for a sequence of values of r proportional to the values for which 

log M,(r) = '* M - 

Suppose that r is a value for which inequality (3, i5) is satisfied. 
Plainly if h is sufficiently large the number of zeros in the circle 

|z| =-r will be less than -n(r). The number of zeros in the ring 
h 2 

between the circles \z\ = T r and \z\ = r will then be at least equal 

n 



to Kr p(r) , and so equal to K^r^^K^logM/r) where K,(r) lies 
between two fixed positive numbers. In this form the result is inde- 
pendant of the idea of a proximate order. 

THEOREM at. // F(z) is a function of finite non-integral order, we 
can find an infinite sequence of non-overlapping annulajr regions D OT , 
R m -^|z|^A:R w , k being fixed, and two positive numbers k r and k" 
such lhat every function (z) x has 

AlogM fl (*RJ. 
zeros in each annulus D m , provided m>m r . 
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8. The zeros of functions of regular growth. It follows from 
the preceding argument that if 



11111 



log M/r) 



where p(r) is an order B, then the inequality (3, i5) is also valid for 
ail sufficiently large values of r . The ratio 



will then ultimately be confined belweeti fixed positive limits. Con- 
versely, if o(r) is a function satisfying the conditions of growth for 
an order B and if fi(r)<Kr* (l) for all sulliciently large values of r, 
it follows from (3,6) that 

logM 1 (r)<R / .r p( ' ) . 

Similarly if for all sufficiently large values of r 

n(r)>K /'">, 
we have, by (3, 2), 



log M,(Ar) > cte > n(r) log A > (Ar/ |4r) . 

/r X IV 

If the condition for n(r) is satisfied only for an infinite sequence of 
values of r, then the last inequality is valid only for this sequence. 
To sum up, in order that we should have- 



where p(r) is an order B, it is necessary that n(r) should be equal to 
h(r)r* {r} , h(r) having finite positive limits ofjndeterminalion; and 
conversely, if this condition is fulfilled, the limits of indelcimination 
of logM/r)/!*^ arc finite and posili\c. In particular the necessary 
and sufficient condition that a function of finite non-intetjrat order p 
should be of very regular growth is that the ratio n/rj' should have 
finite positive limits of indetermination. 
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It is also possible to prove, by a method analogous lo that of $ 7, 
that : 

The necessary and sufficient condition that a function of non-integral 
order p should be of regular growth (a, 16) is that the ratio log/i/logr lt 
should tend to the limit p . 

The method, which consists in applying Jensen's inequality (3, a) 
to find an upper limit for n(r) and then using this upper limit and 
the inequality (3, 6) to find a complementary lower limit to /i(r), is 
moreover a prefectly general application. But it must be assumed 
that p is not an integer. 



III. FUNCTIONS OF INTEGRAL ORDER AND BOREL'S 



Functions of positive integral order lie completely outside the con- 
siderations 'of the last section. It is still possible to find an upper 
limit for the number of zeros, but the argument by which we proved 
theorem 21 breaks down. So long as we are in ignorance of the 
genus of the function we are unable lo apply the inequality (3,6); 
and even if the genus is known this inequality does not lead to results 
of the same precision. Moreover it may happen that the function 
has no zeros at all. It is then, in the case of an integral function of 
the form e , and we see that a function with no zeros must satisfy 
the condition 



(3, 16) 



logM t (r) f . .. 

* ->- a limit. 
r l 



This condition is plainly also necessary if a function is to have a 
finite number of zeros, and we shall shew that it is satisfied in general 
by all functions for which the exponent of convergence of the zeros 
is less than the order. In fact the only functions of integral order for 
which the exponent of convergence of the zeros can be less than the 
order are those fulfilling the condition (3, 16). 
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For the sake of simplicity \ve restrict ourselves to integral func- 
tions. Let/(z) be a function with exponent p f <p . Then 

/*(*) = e^Pto*-, 

Q(~) being a polynomial of degree <y p and V(z) a canonical product 
of order p, < p . If 6 is the coefficient of z q in Q(e) we have, for all 
5 and r > r, , 

log M(r)<(|6| + )r". 

On the other hand lR,(Q(s)) > (|6| ) ;// * n 7 angles of magnitude h 
(h depending on e) and since, by theorem 19, the total length of 
the arcs of the circle \z\ = r on which 

log I P(*)| <-/'"+' 

does not tend to infinity with r, there arc certainly points of every 
circle \z\=r>r' t at which 



Therefore 



and our assertion is proved. 

Borel has proved that only one of the functions (z) x (where x 
may be given any value) can possibly have an exponent of convergence 
less than the order p . 

9. Borers theorem. THEOREM aa. If the order of F(z) is an 
integer and the condition (3, 16) is satisfied, then the exponent of co/i- 
vergence of the zeros of the functions F(z) x is equal to the order, 
save possibly for one exceptional value of x . 

Suppose that there arc two such exceptional values a and b. Then 



a = 
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where Q t and Q f are polynomials of degree o and P^P, canonical 
products of order less than s, . Subtracting the second of these two 
equations from the first we have 

(p) <I z> P e" 1 <1> - a lc** = b a 



and, multiplying by e~** 



= I> Z r a p 



Now, Q f being a polynomial of degree p, |<f~" a | >t' KrP . The left 
hand side of this equality must therefore be of order p and, since the 
factor cI> l ztP t is of order -^p y, it follows that Q, O t is a poly- 
nomial of degree p . 

Differentiating the identity (fi) we have 



By theorem i3, P\ is of order not greater than p y. So the coef- 
ficient of e is of order not greater than p f and, unless < I> I z*i \*^e 
is a constant, it is plainly not identically zero. Similarly for the 
coefficient of e** Factorising the cocfticients this identity becomes 



where Q a , Q 4 are polynomials of degree not greater than p i and P,, 
P 4 are canonical products of order not exceeding p-*-?. This may 
be written 

.Ot-Qa K 3 -Q4 __ *- ** p * 
"JF"F 

J 3 * 3 

But, since Q, Q t 4- Q 3 Q 4 is a polynomial of degree p, the 
logarithm of the modulus of the. left-hand expression is greater than 
Kr p , whereas, b\ theorem 19, the right-hand expression, being of 
order not greater than p y, is .less in modulus than e rP ~ Y4 *onan 
infinite sequence of circles. We have thus arrived at a .contradiction 
which proves the theorem. 
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A value of x such that the exponent of convergence of the zeros of 
the function F(z) x is less than the order of (z) we shall say is 
exceptional B/or F(c). Borel's theorem slates that there is only one 
such exceptional value. 

We could prove by a slight modification of our argument that if the 
functions F f (z) are of lower order than F(z), then, of all the functions 
(z) {- F,(z) only one can be such that the exponent of convergence 
of its zeros is less than the order. The functions for which there is 
a value x exceptional B are therefore themselves exceptional. Such 
a function we shall say is exceptional B . 

10. The order of multiplicity of the zeros. Falou and Montel 
have proved certain propositions concerning the order of multiplicity 
of the zeros of a function F(z) >. With the aid of Borel's theorem 
it is possible to generalize their results. 

We observe at the outset that in order that a function F(z) of order - 
3 should be exceptional B for a given value a, it is necessary and suf- 
ficient that there should be a function <I(z) such that the product 
[F(z) a] <I>(z) is of order less than, p . For, if such a function exists, 
the exponent of convergence of the zeros of [F(z) a] <J>(z) is less 
than p and this is true a fortiori for either of the factors. Conver- 
sely, if a is a value exceptional B, there is, as we have seen, a poly- 

Of *^ 

uomial Q(z) such that the product (F(z) a]e is of order less 
than p . 

J n a domain exterior to the circles of radius f\~ h (h^>o) described 
about the zeros a n (r n ^> i) tis centres we have 

V(z) 



That this domain actually exists and that it contains circles 
\z\ = const, in every annulus R <^ R^ \z\ ^R -f i was shewn in 
the proof of theorem 19. From the product form for F(z) (i, 1 1) we 
obtain 



'!"(=) 
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The modulus of the sum of the first lliree terms on the right is less 
than Kr f '~* , q being Ihe degree of Q(z). P(~) is a canonical product 
and its logarithmic derivative is equal to the sum of the logarithmic 
derivatives of its factors. To see this it is sufficient to apply theo- 
rem 5 to log P(j) in a region in which it is regular. Thus 



""I - y *' 

a: . J 2j(z- ) / ' 



P(z) 

I 

We divide Ihis sum into two parts and, putting N = /i(Ar), we have 

N 

</'" V //-"< //'-"AN < K t r*'" < 

- 1 
i 

for all suflicientl)' large values of /. Further, ^incc V p> \ is con- 

H 

>ergent, the remainder 



N + i N-fi 

and these two inequalities together pro\e the proposition. 

THEOREM a3. // F(c) is of finite order o there cannot be more 
than two values of x for which the exponent of convergence of the 
simple zews of the function (z) x is less than p . 

We shall say that such values are exceptional B for the simple zeros. 
To prove the theorem suppose that there are three such values 
a, b and c . No two of the functions 



have the same zeros. A /ero of F(z) a of order of multiplicity 
y(y >>!) is a zero of [^'(z)! 1 of order ay a ^ y. Therefore, if \\z, a) 
is the canonical product formed with the simple zeros of V(z) a 
and l\z, 6), 1Y-, r) are the two analogous products, the product 
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is divisible by the product 



In other words 



where 0(e) is a function wilh an isolated essential singularity atinfi- 
nily. The product of the functions P is by hypothesis of order less 
than p, and it follows from the preceding proposition thai 



ou an infinite sequence of circles &uch that the radii of two successive 
members of the sequence differ by a quantity less than i. Hence we 
conclude that the function (F(z) c) 0(z) is of order less than p; and 
similarly for Y(:) a and V(z) b. The three values a, 6, c are 
therefore all exceptional B and, since Ibis conclusion contradicts 
Borcl's theorem, the proposition is proved. 

// a function Y(z) has a value exceptional B for the whole aggi cgale 
of zeros, I hen I here can be no other value exceptional only for simple 
zeros. For if \?(z) a is exceptional B for the whole aggregate of 
/eros, then so is F'(~)- The exponent of convergence of the whole 
sequence of zeros of F(c) x, x^a t is equal to p, while the expo- 
nent of its multiple zeros is less than 5, since F'(^) is exceptional B. 
The sequence of simple zeros of F(z) - - x is therefore normal B i.e 
of exponent z . 

In this connection we can also prove a result analogous to Picard's 



theorem : If the order of F(e) is finite and not a multiple of -, there 

2 

can only be one value exceptional P for simple zeros. By this we mean 
a value x such that the function F(z) x has only a finite number 
of simple zeros. 
For, returning to the proof of theorem a3, we see that if there are 
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two such values, which \vo may suppose io be i and -f- i , the 
('unction 



where Q f , Q s are polynomials, has only a pole al infinity, since 
Therefore 

P^=Ra-) 

where R(z) has a pole al infinity. If this pole is of order /; we obtain, 
on integrating, 

=cos (/ 



= cos 
\ 



where 4>( - j is regular and does not vanish at infinity. Functions 
with two values exceptional P are thus certainely either of integral 
order or of order which is an odd multiple of - . They also satisfy 
the condition (3, i(>). 

THEOREM 2/1. // V(z) is of finite order o there is not more than 
one value x exceptional B/or the joint sequence of simple and double 
zeros, and if such a value x exists the sequence of simple zeros is nor- 
mal B/or every other value. 

Suppose that for x = a the sequence of simple and double zeros 
is exceptional B. The canonical product P(z, a) formed with these 
simple and double zeros is then of order less than p . The product 



is divisible by (F(z) - a)*, for a zero of F(z) a of order y>2 is 
of order 3v 3 ^ 27 in (F'(r) ) 3 . If the sequence of simple zeros of 
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F(z) b is also exceptional B and if P(z, b) is the corresponding 
canonical product, the quotient 



is a function with an isolated essential singularity at infinity. A re- 
petition of the argument of theorem a3 then leads to Ihe impossible 
conclusion that both a and b are exceptional B for Ihe whole sequence 
of xeros^ 

It is clear that exceptional values of this kind may occur whatever 
he the order of the function. The theorem we have just proved can 
be expressed in the phrase : BoreCs theorem Is tru* when oil zeros of 
order higher than the second are if/nored. 



IV. THE DISTRIBUTION OF THE ZEROS OF INTEGRAL FUNCTIONS OF FINITE 
ORDER IN GENERAL. 

Borcl's theorem does not lead lo information as precise as that 
supplied by theorem 21. The method can be modified, however, lo 
give a perfectly general and equally precise result in the case of an 
integral function f(z). Instead of casting it into the form of a 
Weierstrassian product we put 

/(*) = P(-V l:) , 

where P^) is a polynomial formed with the zeros lying in and on 
the circle \s\ = kr (k > i), the function <I>(z) being consequently 
regular in this circle. Our method, which depends upon corollary 8, 
theorem i3, Jensen's theorem and a result concerning the minimum 
modulus of a polynomial due to ttoutroux, consists in applying Borel's 
argument to f(z) expressed in this form. 

11. The minimum modulus of a polynomial. First consider a 
real polynomial of degree n in the real variable x, 

(/(x) = (x *,) (Jff a t ) (x - a J 
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and suppose lhat its zeros lie on the segment between o and t. 
y(x) is n continuous function, so lhat, if A is a given number, Ihe 
values of x between o and i for \\hich \y(x)\ < A constitute a set 
of not more than n intervals containing the /eros a, . Writing 



we have 



Now 
/ log|.r ajt/x i -f- a f log a, 4- (i x,) log(i a,)^ i Iog2, 

*/0 

and consequently 

/<I>(.rV/. >> /i log (at j ). 



Bui wo say thai lliere are inlenals in \\hich <!>(.<;) i^ less than a 
given number, sa> ]\n log (21*). Since <I>(.r) is negative in the 
range of integration Ibis inequality shous tl^al the total length of 

these intervals does not exceed (H>> i). Thus if H is a number 
greater than i the polynomial satisfies the inequality 

\,j(x)\>(e)"' t " t 

for iwlues of x between o and i , save in a set of not more than n 
intervals of total length not exceeding i /II( f ). 

Now consider a polynomial 



(') This method of proof appears to be due to ire. 



So 
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of degree N in the complex variable z and suppose that its zeros lie 
in the wide sense in the circle \z\ ^ R (that is to say inside or on the 
circumference), and let A 1 ' be a number greater than i. We shall 
shew that the preceding result can be generalized as follows. In the 
annular regions 

R/A-' < \z\ < R and R//r" < \z\ < R/fr" 
I here are circles \z\ = r on which 
(3. 17) |P(z 

Clearly, for |z| ^ K 



n 



Let M be the number of zeros whose modulus does not exceed 
/f'- 4 . Then 



II 



I 



) ir 



writing 
'-=-5r f '('- A-'-) R, 



R 



m + i 



__ 

K K 



we see that the numbers x and fi M lie between oand i when randx M 
lie between R/A-' 4 and R. So 



IT 



m + i 



i 



The polynomial on the right is of the form considered first of all, and 
its modulus is therefore greater then (3e)~ U(N ~ w) except in a set of 
intervals of length i /H . The corresponding values of r cover a set of 
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f l f '* _ j 

intervals of length R(i A:'"" 4 ) and, choosing 11 = kk n > p - , 

this is less than (k 1 i)//~ J R, which is the breadth of the smallest 
of the two annul! of the theorem. Therefore in both annuli Ihere are 
circles \z\ = r, on which 



and this loads lo the required inequality. 

12. A general theorem. THEOREM a5. // f(z) is an integral 
function of finite order and n(r, x) the number of zeros of the function 
f(z) x in the circle \z\ <Cr, then to every number /> i there cor- 
responds a positive number H(/v) such that, for all values of a and b 
(a 4= b) and for all r > / (a, b), 



where M(r) is the maximum modulus of f(z) on the circle of radius r. 

For the sake of simplicity^ 1 ) we suppose that f(o)=^a t / 
and /'(o)^o and we write 

f(z)~a=<fi(z} = e 9 -f c t z f ... 



where r , c' , and c t are not zero. 

Let us assume that Ihe theorem is false. Then we can find a large 
^ 7 allle of i\ say R, for \\hich the 1 inequality (3, 18) is invalid. If we 
put 



, = . 

/>' 

this implies 



/ 



c, a) 



() The particular case r u = o, ~ ... = ^,_, = <> can be dealt Vith in a 
similar manner. 
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since n(x t b) is positive, and hence 

*(:, a) < JL log M(R, , , H = H(k). 

The function f i can be expressed in the form 

(d) 



where P,(z) is a polynomial with the same zeros inside the circle 
|z|^R 7 as f t (z) and equal to i at the origin. *l\(?) is regular in 
this circle and zero at the origin. If r, , r a , . . . , i\ are the moduli of 
these zeros of f t (z), we have 



log = 

r, r t ... ^ 

where 



ConsequeutlyC), for |z| = r^R 7 , 

N N 

(e) | Pi( ,) K M,(B I )< ; -^ 1 J (, + i.) < M(R,)" 1 I ( + ^' 



On the other hand we know, by the result of 11, that there is at 
least one circle in the annulns R <^ \z\ ^ R. on which 

HH' 



(H 1 = /i log // H /,//' log (au) - log (A-' - i)). 

Denoting by A,(r) the maximum real part of $,(*) (kl = r ) we 
have, for sufficiently large values of R, say R > R rt , as a consequence 
of (d) and (e), the inequality, 



In this paragraph M 4 denotes the maximum modulus of P 4 . 
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Similarly it follows from (d) and (i) that 



0) 



Now f(z) is by hypothesis of finite order, so that, supposing A:' 
Axed and R sufficiently great, we shall have 



(m) A,(R.)<KR, 

and, by corollary 8, 

(n) |*,(*)I<H,*" for 



Applying the theorem on the derivative (theorem i3) to the func- 
tions $,(z) and P,(z) we find, for r-^ R, 



Precisely similar results can be obtained for the functions $,( 
and P,(z), when 



From this point our argument proceeds along the lines laid down 
by Borel. Thus 

c. l\(z)e [t ^ - c;i\(z)e 4 '^ = b-a = c -c/ 
and, differentiating, 

*.(P/ + ^.'P.)^ 1 - c;(p; + *;p f )/ 2 = o. 

The coefficient of e'* does not vanish identically, since 



tti in. 



Solving this equation in e* a and substituting in the preceding one 
we obtain 

where 



[>, = -^-, [P.OY + * t 'P.) - P.(iV 

., c. c: [ jV * * *' 



This function <1 3 (2) is regular in the circle / ^ R 7 and <I>/o) = c t . 
Further the inequalities (e) arid (o) shew that 



log |<h/;) 



r log 



for 



> 3 (2) can be expressed as a product 



where P a (z) is a polynomial with Hie same zeros in the circle 
|z| <H 4 as <T> 3 (z) and such that P 3 (o) = i. The number. N' of 
these zeros satisfies Jensen's inequality and we have 



N'<HH'IogM(H,) 



It follows from this inequality and the theorem concerning the 
modulus of the polynomial IhaLlhcre is at least one circle between 
[z| = R 3 and \z\ = R 4 , on which 



00 



< 



vllll'll" 



Hence on this circle 



= 'i *.(*) 



< 
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or 



where A 4 (r) is the maximum real part of <I> 4 (z) on \z\ = ; 
Therefore, in virtue of corollary 8, 



for 



Now equation (p) may be written 



and i/|PJ satisfies the inequality (s) at least once in the annulus 
R,,!*, also. Hence, since the upper limit of |P' a -I- ( ' 9 PJ is the 
same as that of |^/z)| and \(r) is an increasing function/we see, 
recalling the inequality for |<1>J, that 



A,, u.) <; ii io s M ,) p- ir + 5 + + H'l 

But, if H(/i) is chosen so that 



this is in contradiction with the inequality (j). Thus the theorem is 
proved. 

13. Deductions from the general theorem. Let p(r) be a general 
proximate order of the function f(z). Then, for an indefinitely in- 
creasing sequence of values of r, 

' logu(-^)>U,(k)r>, 



There are now two possible alternatives either for all suflicently 
great values of /*(r>rj in this sequence and for every a, 



r" (j - a) 

Jo X 
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or there is at least one value a and a sub-sequence of these values of 
r for which this inequality is invalid, though it will be true in the 
particular subsequence for every other value 6. Now this in con- 
junction with the general inequality (3, i4) 



where K is independent of 6, gives 

KA + K f' 1 ' *'">- <lx + n(r, t>) log A > H(/ H ' (/0 r <<"> (X > , ) 
' 



for an infinite sequence of values of r. But, since p(r) is a proxi- 
mate order, 

' '' tfW-'dc < / p(r) a f r ' " .r;- dx < 4u /'"" , 

'A ^< aA 

and consequently 



Clearly A may be chosen so that the coefficient of r p(/) shall be 
positive. Theorem ai and the more precise result concerning func- 
tions of regular growth can thus be extended to the case of functions 
of integral order. 

THEOREM a6. If f(z) is of integral order we can find an infinite 
sequence of non-overlapping annular regions D m , R w ^ \z\ -^&R W , 
k beiny fixed, and two positive numbers k' and k" such that in each 
annulus D w of rank m>m f , every function f(z) x, save possibly 
for a single exceptional value of x, has 



zeros. 

Suppose now that the function f(z) is of regular growth with res- 
pect to the proximate order. That is to say 
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In this case it follows from the preceding argument that if I here is 
a number a for which the' ratio n(r,&)/r 9(r) lends to zero, then for 
every other value x the ratio /?(r, ,/) / r p<r) is confined between fixed 
positive limits. 

It is clear, however, that the importance of theorem a5, from \\ hich 
we have deduced the two last results, is not restricted to the pro>ince 
of functions of integral order. 

Let n(r y a, b) be the num. her of zeros of a product of the form 
(f(z) a) (f(z) b] in the circle of radius r. Then \\ e ha\<; 



and. a fortiori, 



This result is independent of the nature of the order so long at it is 
finite. An analogous theorem for functions of infinite order will he 
proved in the next chapter. 

14. The genus of functions of integral order. The determination 
of the genus of a function of integral order is attended by peculiar 
difficulties. Certain results bearing on this question have however 
been obtained by Lindelof and they can be proved with the help of 
the result of the last paragraph. 

Consider the function 



of genus o . 

* 

x 

Then n(x)<* ^ and, integrating by parts, 
(log x) 



log M(r) = log j + = j log i + an 

,. r , / r \ f r n rnU) , "1 f*> rn(x) , 
s=Hm nlogf i + ) + / y </.g = / \ ; ilx. 

=ooL \ rj J* x(x + r) J ,J Q x(x + r) 
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Hence, substituting for n(x), 

rdx 



// r 

~, - 
w (a? + r 



We treat this integral in two parts. If /, is fixed 



__ f x 

~" ~ ' 



where h t is confined between two fixed limits near to - - and 
respectively. For the remainder of the integral \\e have 


"" ' 



\> here // lies between j ! and i. Since k may be chosen as 

A* + i 
large as we please it follows that 

losM(r)* r (log r)'-*. 

Of " 1 

Now let 



We kno\\ that /i(r, o) < r(log r)~", and so n(r, o)/r p(r> tends to 
zero. Consequently, for all a4=> Ibe ratio /i(r, n) / r(log i 1 ) 1 " ' has 
finite positive limits of indetcrmination. 

Therefore if i < a < a aw/ a =f= o //<e ^n> V o/ //ie recipro- 

cals of the moduli of the zeros of f(z) a i divergent and the fw'ion 
/(r) a is of genus i, w/uVe /(e) w of genus o('). 

It can be sheu n that the derivative is also of genus o. Our proof 
of this depends upon two propositions of some general interest quite 
apart from the particular application. 



(') The genus, like the exponent of convergence, is really determined by 
the moduli of the coefficients. All the functions f(z) x, save possibly 
one arc of the same genus. [See G. Valiron, Sar lesfoncAlons enlieres d'ordr-e 
rnlier. Comptes Rendus, April 1913, and Appendix B.] 
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THEOREM 27. // f(z) is of finite order and k any number greater 
than i , we can find a corresponding number H(/c) such that the annulus 
l\^\z\ <^/rR contains at least one circle \z\ = r on which the ine- 
quality 

\f(z)\ > [M(/rr)r" 
is satisfied. 

We can clearly suppose /(o) = i . Then, as in 12, 
/(*) = P(z)e z >, 

where P(z) is the polynomial formed with the zeros of f(z) which 
lie in the circle of radius Rfc"" 1 ' , and such that P(o) = i . The 

number of these zeros does nol exceed - - rlog M(R) and it there- 

log A: ' 

fore follows from the theorem on the minimum modulus of a poly- 

nomial that the two anmili R/c"" 1 , R/r" 3/ * and R/f~ 1/a , R/r~ I/4 each 
contains a circle on which 

|P(z)| > M(R)- U ', 

where H' is a positive number depending on k. On the circle in 
the second annulus 



and so, if A(r) and B(r) denote respectively the maximum and mini- 
mum real part of <I>(z) on \z\ = r, 



')<(! + H')logM(R) 
and 

B(RA~ 3/4 )<H"logM(R). 

Therefore on the circle in the annulus Rfc~* , Rfr~ 3/< we have 



which proves the theorem. 
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This proposition completes the earlier result concerning the mini- 
mum modulus of a canonical product (theorem 19). 

Now suppose that the function F(z), of integral order p , is such 

that log M, ('*) / '* p tends to zero and the series. V is convergent. 

f " 
can be expressed in the form 



and 



P(z) 



P(z) is i\ canonical product and as we saw in the proof of theorem 18 
(equation (3, 8)), 



The same is (herefore true of i/|P(z)| on an infinite sequence of 
circles and so, in virtue of our hypothesis concerning log |F(z)|, we 
June on these circles 






The polynomial Q(c) is therefore of degree less lhan or equal 
to s i . Thus, with the conditions stated, V(z) is of genus o i . 
We can now prove Ihe theorem we had in view. 

THEOREM 28. If f(z) is a real integral function of genus o or i 
with real zeros, its derivative f'(z) is of the same genus as f(z) audits 
zeros are also real and are separated from otie other by zeros of f(z). 

Such a function is of the form 
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where >o and the numbers 6 and a tl are real. Differentiating 
logarithmically, 

CO 

/' 



and writing z = x 4- y, we see that Hie imaginary part of f'(z)/f(z) 
is equal to 



ty 



Since the factor in the bracket is positive it follows that f'(z) can 
only vanish when y = o. All the zeros of f\z\ a re therefore real. 
With y = o, we have 




d //(aQ\ y i 

x\f(x)J x* j(x- 



dx\f(x) 

I 

The right-hand side of this equation is negative, so that f r (x)/f(x) 
is a decreasing function and cannot vanish more than once between 
a n and /MI . Consecutive zeros of f'(z) are thus separated by those 
of f(z) and it follows that the canonical product formed with the 
zeros of f'(z) is of the same genus as that formed with the zeros 
of f(z). It is known that if the order of f(z) is not an integer then 
the genus of f(z) is equal to the genus of f(z) (theorem i3). To 
complete the proof of the theorem suppose that the order of f(z) 
is i and that the genus is o. Then 



and, by theorem i3, the same is true of /'(z), which is therefore of 
genus o, since the genus of its canonical product is also equal to o. 
Similarly if f'(z) is of genus o, then so is f(z). 

On applying this theorem of Laguerre to the function f(z) consi- 
dered at the opening of this paragraph we see that its derivative 
is of genus o : If i<a<a the functions f(z) a, a=}=o, are 
of genus i, and their derivative f'(z) is of genus o. 
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CHAPTER IV 

On the values assumed by an integral function in the 
neighbourhood of points of maximum modulus. 



ft has been shewn by Wiman that the relations between the func- 
tions M(r), M*(r), A(r) and m(r) established in chapters II and III can 
in general be replaced by relations considerably more precise. Pur- 
suing his method we are led to certain deep results concerning the 
behaviour of the function f(z) in the neighbourhood of points z at 
which |/(z )| = M(r) (\z 9 \ = r) and the growth of M(r). These 
results enable us to give a direct proof of Picard's theorem and to 
extend Borel's theorems to fonctions of infinite order. In this chap- 
ter we shall also discuss the solutions of an extensive class of diffe- 
rential equations and we shall find that they are necessarily of regular 
growth in the neighbourhood of an isolated essential singularity. 



I. FUNDAMENTAL INEQUALITIES AND THEOREMS OF BOREL. 

1. Ordinary intervals. We have recourse once more to the 
Newton's polygon defined by means of the coefficients in the Taylor 
series of the function f(z) ( II, 4) and we compare it with the polygon 
corresponding to a known function of simple growth. This amounts 
to comparing the coefficients of the two functions. 

Let ^(M) be a power series in the positive real variable u with 
positive, increasing, unbounded coefficients and radius of convergence 
unity. 



(4,0 

where the numbers il(n) tend to infinity and Ii(/i)//i lends to zero. 
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We suppose further that the function ll(x) has a decreasing deriva- 
tive, which plainly lends to zero. It is clear that the points B tt of co- 
ordinates X H = n, y tl = H(/i) are the vertices of a polygon concave 
in the positive direction of y. Let this polygon be denoted by 7r{5<). 
For every value of u less lhan i the function $(u) has a maximum 
term which can be determined, as explained in chapter II, by finding 
the tangent to Tt($) of slope log it. 

\o\v lei / be any positive number and r any number less than /. 
To the series $(r/l), regarded as a function of r, there corresponds 
a polygon 7c[J(/-//)] derived from 7c(J) by adding n log / to the or- 
dinate of each H w . The slope of the sides of rctS^/YO] is an increa- 
sing function tending to log /. Since the slope of Ihe sides of TC(/) 
tends lo infinity the polygon x[3(r/l)] ultimately lies below TC(/). 
Hence, as is evident from the figure, a translation of -x[tf(r/l)] parallel 




to Oy can be effected so that in its new position no vertex of w[;T(r//)] 
lies above the corresponding vertex of TT(/) whilst these two polygons 
have at least one vertex in common. If this translation is denoted 
by log /%(/) Ihe polygon in its new position corresponds to the 
coefficients of k(f)ff(r/l) regarded as a function of r. It will there- 
fore be denoted by -K[k$(r/l)]. 

The polygons ::(/) and i:[ktf(r/f)] have one or more common ver- 
tices. Let (/i(/, ff) be the greatest of the abscissae of such vertices. 
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Now at a com moo vertex every tangent to it[k&(r/l)] is also a tangent 
lo TI(/). In particular the line of slope log r(/) given by the equation 

(4, 2) log r(/) = log / H'(/i(/, 9)) , 



which is a tangent to Tuf/fSK/'/O] al the point of abscissa n(/, $), is 
also a tangent to n(/). For this value /(/) of r the maximum terms 
of the two functions f(z) and k $(r//) are equal and of the same rank, 
whilst the second function dominates the first. 

If / increases continuously the function n(l, ;T) cannot decrease. 
For the slope of a side of x[kff(r/l)] of fixed rank increases indefini- 
tely with /. Thus n(l, ;7) cannot be bounded. Similarly k(t) is an 
unbounded increasing function of /. H'(/i(/, $)) is thus a decreasing 
discontinuous function of / which tends to zero as / tends to infinity. 
It follows from (4, 2) that /'(/) is an unbounded increasing function 
of / and that its only discontinuities are those of H'. These occur 
where / is such that n(l, $) is discontinous and thus correspond to 
those values of / for which the polygons Tt(k$(r/l)) snd &(/) have 
several common vertices. The total number of such discontinuities 
between o and /(/) is not greater than n(l, 3*) and their sum does not 
exceed the total variation of \l'(x)\ and this is finite. Hence we have 
the following theorem : 

Given any integral function f(z) and a power series 5(u) of the 
form (4, i), we can in general find two numbers k and I corresponding 
Lo a value of r, such that, for this value of r, the maximum terms of 
the two functions f(z) and k3(r/I) are equal and of the same rank 
and the first junction is dominated by the second. The values of r in 
the segment (o, l\)for which this properly does not hold good constitute 
a set of -not more than N(H) intervals, such that, for all values of R, 
the total variation of log r in these intervals is finite. 

Here N(H) is the rank of the maximum term of/(z) for \z\ ==R. 

Those values of r for which the properly holds good we shall call 
ordinary values, it being of course understood that they are ordinary 
with respect lo a given comparison function 3?(w). Values which are 
not ordinary we call exceptional. 

In connection with ordinary and exceptional values the following 
observation is of interest. Suppose that for a certain value / the po- 
lygons TC(/) and n[k$(r/l] have more than one common vertex. 
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Then, if the slope of the side of 7r[/f$(r//)] immediately to the right 
of the first common vertex is equal to log R and that of the side im- 
mediately to the left of the second common vertex is equal to log IV, 
the interval R, R' is an exceptional interval. For it / is increased 
the change in the ordinate of the second of these vertices will be 
greater than the change in the ordinate of the first, and it is therefore 
only possible for the second to be once more a common vertex; and 
the slope of the side immediately to the left will then be greater 
than logR'. Similarly if /is diminished it is only possible for the 
first of these vertices to become once more a common vertex, and the 
slope of the side immediately to the right will now be less than 
logR. Repeating (his argument for the second and third common 
vertices and for all subsequent pairs we find an exceptional interval 
associated with each such pair. If now we replace the polygon TC(/) 
by Tt[k$(r/l)] in the interval between the two extreme common ver- 
tices and repeat this process in every exceptional interval of values of 
/*, we obtain a new polygon corresponding to a function U(r, $) with 
positive coefficients. U(r, $) has the same maximum term as f(z) 
in ordinary segments and has no exceptional intervals. U(r, 9) will 
be called the dominant $ of f(z), since plainly 



Henceforth we shall take as comparison function 

00 

(4, 3) 5.(n) = % e "* "" (o < < i ) 

I 

which fulfils all the conditions imposed. The corresponding domi- 
nant function will be the dominant of index a, U(r). The correspon- 
ding ordinary values we shall call ordinary values of index a. 

We can now shew that if q is a positive number and r a sufficiently 
large ordinary value of index a, then, provided o< v. 



_ 
A f m(r)N (f+l) ~ 



A f 
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where m(r) is the maximum term of f(z), N = N(r) the rank of m(r) 
and \ (l a constant depending on q . 

Consider the first inequality. If r is an ordinary value f(z) is do- 
minated by &#(///) and these two functions have the same maxi- 
mum term. The function on the left-hand side is thus less than 



Here N is the rank of the maximum ter/n and we can therefore de- 
termine u as a function of N . In fact we have 

a(N + i) < -log If < a(N - I)*- 

so that 

logu< a(N + I)-' 1 . 

Now let Nj be tlie greatest integer less than B V -\'~ y<J , where B V is 
a number which we shadl fix later. Wq have 



N 4- 



The first term on the ri^ht is clearly less than ^loga and the se- 
cond is less than N,v and therefore, in virtue of the condition impo- 
sed on v, less than B,K. The sum of the last three terms is shewn 
by the mean value theorem to be less than 

(aN, + N + i)' - (N, + N + i) - a(N 4- i)-\, 
= N,[(N + .\(i + 9) + - (N + i)*-] (o<0< i) 



= *( i)N,(N, - i) [N + i + 0'(N, - i)'r* (o<0'< i) 
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Thus the logarithm of the ratio of the terms of rank aN 4 -4- i and 
N, -f- i satisfies the inequality 

logw^i+i log w.\ 1+ i < q log a + b 9 K oc(i a)B 7 *X, 

where A tends to i as N tends to oo , It is clear that B g may be chos- 
en so as to make the right-hand side of this inequality less than i. 
If S is the sum of the scries ^w p and S p is the sum of the first p terms 
of this series we have 



and so 



Therefore, since the numbers (* -t />>"**/> are less than t, 



, f 
e i e i ' 

arid the inequality (4, 4) is established. The second result can be 
proved by a precisely similar argument. 

2. Some fundamental inequalities. Lel/(z) bean integral func- 
tion, z and z any two values of the variable and n a positive integer. 
Then we may write 



> - 2j c * -X' rp ( z J ( Zo ) 2j c *+, z .**' (-^J 
p 

and, putting 



we have 

(4,6) /(i)=(f 
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Q9 



where 

(4, 7 N 



Now applying the binomial theorem and the remainder form of 
Taylor's theorem we see thai, if p is a positive integer 

i"*/i = KI + )' i -/>! < (i + wr- i -PII 

2 ^2 

whilst, if p is a negative integer and \it\ <^ i, 

_ P(P 0,. fi ,..,x.-.,.. 



If now we suppose that H is an ordinary value of index y. for f(z) 
and take N = N(R) we have, assuming 



= u 



the inequality 



U(. Ol < 



+ 



The hypothesis concerning |a| enables us to apply the inequali- 
ties (4, 4) and (4, 5) to these two series and we see that 



(It, 8) I/.M 
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for all sufficiently large values of R. Here K is independent of R. 
We have Ihus found an upper limit for the third term in equa- 
tion (4, 0). A similar inequality for the second term can be deduced 



from (4, 6) itself. We put |z| = |2 | and \z 2 V |/^| = .N Aa Vso 
that the third term is less than KM(R), and it follows that 



(s) 

Suppose thai R<r <R( i I---) and compare M(R) and M(r ); 

if z is a point on the circle of radius r such that |/(z )| = M(rJ and 
if z/:^=:l\/r 9 we have, by (4, 0) and (s), 



If \ve lake a>a/3 tho powers of N occuring in the bracket are 
negative and we hav, for all sufRciently large values of R, 



M(R)> 
The inequality (s) consequently becomes 

(4.9) |?W|<KM(R)N' t '' a 

Now let z a be a point of the circle |z| = R such that 
|/(OI > M(R)N-\ (8 > o) 

and consider the region D* in the plane of z = re t!f t defined by the 
inequalities 
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If r is another point of the region D.- then 



where |logK|^// and X is always finite. Therefore Ihe ratio 
is confined between fixed positive limits, provided 



If z t is another point of the region we have 



and, with the further condition 



z. 



-M(R) 
this equation becomes 



" /li(Zi z - } - k(z> ^^ < Ks(R) - 

To obtain complete precision we may. give to a a numerical value. 
Putting a = n/i2, p = i/i6 and [}'F=Ti5/i6 we have y = 1/16. 
The results obtained are collected in the following theorem : 

THEOREM 29. Let R be a large ordinary value of inde$ 11/12, h 
a given number, z a point of modulus R such that 



(4, 10) \j(zj\ > M(R)N^ 10 (N = N(R)) 

and D* the region defined by the inequalities 

|r-H|<ia, |?-<P.I<N- 5/ 
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(i) If z is any point of D ;O , then 



(a) Ifz nnd z. are two points of !)., then 



(4? i a) 



< 



(3) // z and z t are points of D 2o and subject to the further condition 



then 
(/. -3) 



<K (R). 



(4) T/ie inequality 

(/,, ,4) | ff (j)| - !*/(*) - N/(z)| < KM(R)\"' 18 

w salisfirdfor all values of z of modulus less than R f i + J. 

3. Theorems concerning A(r) and M f (r) ^ follows from equa- 
tion (/i, 12) that for any'ordinary value of R, 



/(Re") = *-**/(.-.) (i +r,), 



N<KN 



1/16 



provided /(^ ) satisfies the condition (4, 10) and |<p ^ | <^ N-~ l5 / lfi . 

The argument N(cp cpj can therefore vary ia an interval of length 
N 1 lrt , and consequently the imaginary part of /(Re /T ) vanishes at N 1 / 16 /^ 
points in the neighbourhood of the point z , the value of the real 
-part at these points being equal to \f( z *)\( l 4- *n) I 

Ilenco/or all ordinary values of R 



A(R) 



M(R). 



In a similar manner we deduce from (4, i4) results concerning the 
derivative We have 






<RN' 



3/.6 M(R) 
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and, in pnrlicular, if z, (\z\ = R), is such that 



this leads to 



Therefore M'(R) is at least equal lo NM(R) (i - s(R))/R. If z, is 
a point of modulus H at which |/'(~<)| is equal to its maximum M'(R) 
we have, again applying equation (/, i4), 



z. ~N- 



< KRN 

So 



3/iG 



and the complementary inequality 

N M(R) > R M'(R) ( i s(R) ) 

is also satisfied. The following proposition in thus proved : 
For all ordinary values of r 



and in the neighbour hood of poinls at which \f(z)\ or |N(r)/'(z)/z| 
is greater than M(r)N~ I/8 we have 

f(z)/.f(z) = (i + AN-^NOO/z, |*| < K . 

There is clearly a relation of the same form between the first and 
second derivatiyes, where N(r) is replaced by the rank of the maxi- 
mum term of f'(z). It can be shewn that the rank of the maximum 
term of f'(z) is asymptotically equivalent to N(r) as / lends to infi- 
nity by ordinary values common lo f(z) and zf'(z), the comparison 
functions being $(u) and u$'(ii) respectively. Such common values 
certainly exist, for it is shewn by the theorem of (IV, I) that the ratio 
of the total length of exceptional segments between o and R to R 
tends to zero. 
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In the first place it is clear, bearing in mind the form of $(u), 
that the function uff'(ii) gives rise to a Newton's polygon with a vor- 
tex corresponding to every integral abscissa. For a given value u the 
ranks of tho maximum terms of tf(n) and uft'(ii) are given by the 
equations 

log // |- ax'"" 1 =o and log a 4- *#,*"' H -- = o 

x i 

respectively. Hence 



So that, if N, is tho rank of the maximum term in the derivative, 
then 

(s) N t >N, \ f <N(i+KN-). 

\o\v let / he an ordinary value common to/(z) and zf'(z)\ we can 
find k and / such that the polygons w(/) and n[k$(r/l)] have the ver- 
tex of abscissa N(r) in common. Consider the two functions 
kr&'(r/f)/l and zf l (z). Plainly the terms of rank N(r) in these 
functions are equal and the first dominates the second. ir(z/') thus 
lies above -K 4 = i:[kr3'(r/fy/l] an( * h as * n common with it the vertex 
of rank N(r). The abscissa N t of the point of contact of ?r 4 and its 
tangent of slope log/* is connected with N = N(r) by the inequali- 
ties (s). Now the rank N'(r) of the maximum term of zf'(z) is equal 
to the abscissa of the point of contact of the tangent of slope log/' 
with x(zf) and is therefore also at least equal to N. We can find a 
polygon 7r(/i'/vF(/YO/O which" does not lie above TI(Z/') and has in 
common with it this vertex of abscissa N*^N, such that the line 
of slope log r through this point is a tangent of both polygons and 
such that /'>/. Therefore r/l'^r/l. Hence N 4 <N t , and we 
have this result : If r is an ordinary value common to f(z) and 
zf(z), (zf'(z) compared with u'(ii)), then the ratio of the ranks of 
the respective maximum terms is 
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The same argument can obviously be applied to derivatives of 
successively higher order, and finally we obtain 

THEOREM 3o. / lies outside a set of exceptional segments in 
which, for r>R f the variation of toy r' is less than KN(R/A:) f / ia . 
Then at all points of the circle \z\ = r at which one of the numbers 



is greater in modulus than M(r) N(r)- 1/8 , we have 



and in particular 



4. A relation between M(r) and m(r). It is easy to find an 
asymptotic value for the ratio of {?,() to its maximum term m(). 
It follows from the formulae (4, 4) and (4, 5), putting q = o t u = o, 
that 



provided only 
On the other hand 



N and /f being functionally related by the familiar equation 
logu -|- aar"" 1 = o. 



Therefore 

i i 

] a 2 m(u). 



If r is an ordinary value, f(z) is dominated by kfy^rjt) and its 
maximum term is equal to the maximum term km(n) of this func- 
tion. Since k increases indefinitely with r we have m(u)<^m(r) for 
all sufficiently large values of r. Now a may be taken as near to unity 
as we please, and consequently we have the following proposition : 
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Given an arbitrarily small positive s the inequalities 



^ 
J ' m(r) 

are satisfied for all sufficiently large values of r exterior to a sel oj 
segments in which the total variation of log r is less than KN( |{/A*)-'A'+) 
for r>R.(A->i). 

The results of this section complete those of chapter II, but they 
are iro longer valid for all values of r. This restriction is especially 
noticeable in the 1 case of (he relations between M(r) and W(r) in 
A\liich N(r), which may be subject to sudden arbitrary variations, 
occurs as a factor. It should be observed that the method of chap- 
ter II is a special case of that used here since it really consisted in ta- 
king the series i/(i 11) as comparison function. 



I. THE SOLUTIONS OF CERTAIN VLGERRAIC DIFFERENTIAL EQUATIONS. 



Theorem 3o enables us to prove that every solution of a linear dif- 
ferential equation \\ilh rational coefficients or an algebraic dilTeien- 
lial equation of the first order is of perfectly regular growth in the 
neighbourhood of an isolated e*senlial singularity. Subject to cer- 
tain restrictions the properly can be shewn to belong also to equa- 
tions of order higher than the first. 

5. Linear equations with rational coefficients. Let us consider 
a linear differential equation of order p with rational coefficients. 
Such an equation is of tin* form 

(4. i. r >) I'/-)/" + IV.Utf"- + - . - + B B (r)y + P_ t (r) = o, 

where the functions P y (z) are polynomials. Suppose that this equa- 
tion is satisfied by an integral function f(z). Let ; be an ordinary 
value of index a -and z = re'* a point at \\hich \f(z)\ = M(r). Now 
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M(r) increases more rapidly than r*, and so, denoting by fijZ m j the 
term in Pj(z) of highest degree and dividing through equation (4, i5) 
by y, we have, in virtue of theorem 3o, the equation 



where 



Now consider the algebraic equation (') 



where the numbers /, arc parameters ((, = if a, = o). For large 
values of r the function \(z) defined by this equation has /) branches, 
which may or may not be distinct, given by p expressions of the form 

Az'. 

Here / is a rational number whose positive values are at least equal 
to j//>, and A is an algebraic function of the coefficients , + /,. 
Let B denote the value of A AY hen all the numbers /, arc zero. Then 
it is known that 

|A-B]<Ki* (5 t >o) 

if all the numbers tj are less than s. Applying these results from 
the theory of algebraic functions to the present case we see that if Bz' 
is the first term of one of the expansions (valid for large values of z) 
of the function defined by the equation 



= o, 



(*) Sec appendix A. 
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then to every ordinary value r there correspond two numbers B(r), 
l(r) such that 



Now the numbers B(r), /(r) can only take p different pairs of va- 
lues and N(r) is an increasing function. It is plain that if the values 
of B and / change as / traverses any ordinary segnvenl sufficiently 
distant from the origin the new values must be greater than the old. 
For if either B or / were to diminish N(r) would shew a sudden de- 
crease, Again if R and R' are the endpoints of an exceptional in- 
terval we have 

N(R) = B(R)R w (i + r,(R;), N(K') = B(R')R" (K ' } (i 4- vj(R')) 
But since R'/H tends to i, we have also 



shewing thai B and / cannot decrease as r traverses the segment 
(R, IV). These numbers B and / are therefore ultimately fixed and 
we have, for all sufficiently large ordinary values of r, 



where B is a constant and / a fixed rational number greater than or 
equal to i/p. And in view of the known density of the ordinary 
values (we had lim (R'/R)= i) this relation clearly holds for all va- 
lues of r. The function is of finite order and 

log M(r) *> C N(o?) dx/x ~ B ~ r 1 . 



An integral function satisfying a linear differential equation with 
rational coefficients is therefore of finite rational order and of per- 
fectly regular growth. 

This result can be generalized. Consider a solution of the form 
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where JJL may be any number and (z) has an isolated essential sin- 
gularity at infinity. It is known that the equation (4, i5) has always 
at least one solution of this form, or one solution which is the sum 
of a function of this form and a function regular at infinity, unless 
all its solutions are regular at infinity ('). We have 



- 

y f(z) z 

and this ratio will therefore behave in the same way as that corres- 
ponding to an integral function. Again 



and consequently y'/y behaves like /"// and so on*. The above re- 
sult is therefore valid for solutions of this form also. In every solu- 
tion of the form 



the function f(z) is of finite rational order and of perfectly regular 
growth. 

6. Algebraic differential equations. The argument of the last 
paragraph can be easily extended to the case of algebraic differential 
equations of the first order. Such an equation may be written 

(4, 16) G(y,zy'/y,z) = o 9 

G being a polynomial in the variables in the bracket, of degree m 
in y. Let 



. z) = ,.,(**' ly?*' (o </> < P ; o < r/ < Q) 

be the coefficient of y m in G. Suppose that equation (4, 16) has a 



() Regular in the sense in which the word is used in the theory of linear 
differential equations. Sec Whittaker and Watson : Modern Analysis, a'nd 
edition* p. 191 et scq. 
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solution which is an integral function of z or, more generally, a 
function of the form considered above. Giving j = rc'* (r ordinary) 
a value such that y = M(r) and dividing through by y'", the equa- 
tion. becomes 

W/y, z) 4- G.O/y, zy'/y, *)/y = o. 

where G, is a polynomial. And since every expression of the form 

NV 



is less than (Nr)- K , for all values of K, this may be written 



which is an ccjualiou of the form considered in the last paragraph. 
We ha\e once more therefore 

N(r)" Br 1 , 

where the second member is the first term of a certain expansion of 
the function V(j) in the neighbouohood of infinity, X(z) being de- 
fined by the equation 



The different values which may be assigned to / aud B can be de- 
termined by Puiseux's method. 

Fund ions of the form z v 'F(z) which satisfy an algebraic differential 
equation of the first order, V(z) having an isolated essential singula- 
rity at infinity, are necessarily of finite rational order and of perfectly 
regular growth. 

This result is riot however true in general of equations of order 
higher llian the first. For it may happen that if in such an equation 
y (p) is replaced by y(N/z) p certain terms are made to vanish. This 
occurs for instance in the case of the expression yy f y ri , which 
vanishes identically. But it is clear that our conclusions remain un- 
changed if the terms of highest degree in y are unaffected by reductions 
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consequent on this substitution. Thus, //, in each term, y (p] is replaced 
by y(N/z) p and if, after this substitution, none of the terms of highest 
degree in y disappear in consequence of reductions, then all solutions 
of the form z^F(z) are of Jftiile rational order and of perfectly regular 
growth. 

The reader will observe Ilia I we have at Ihe same time a condition 
for the existence of a solution of the form z^Ffc). It is necessary 
that after the above substitution has been made the polynomial in N 
and z, which is the coefficient of the term of "highest degree in y, 
should contain at least two different terms. 



111. THE ZEROS OF AT INTEGRAL FOCTION or INFINITE ORDER. 



Certain properties of the growth of M(r) which enable us to extend 
theorem 20 to the case of functions of infinite order can be proved 
with the aid of the dominant of index a. 

7. The growth of loj> M(r). Consider the function U a (r), the 
dominant of index z. (IV. i). If w(r) is the maximum term in 
this function and V(r) = log m a (r), then 

loU.(i-) V(i-), 

since ttie inequalities of (IV, 4) are everywhere valid. Now m v (r) is 
equal to the maximum term of some function k3*(r/l), and conse- 
quently 

V(r) ^r k' + i\ a + N log (/-//) (k 1 = log /O , 

where the value of L\ differs by less than i from the root of the equation 

ax*" 1 == log (/ /r). 
Hence 

(t) V(r) = fc' + (i + Y,(0) (i~a)N a = /c f + (f -f-v,(r) 
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But /c9(r//) dominates U(r), and so, in every interval 
r < r' < /, we have 

V(r') < ft' + (i + ^(r)) C(Iog(//r') )*/(-'> 
since //r is near to i we may choose r' such that 

log(r'/r)<[log(//r)f (8>i). 

The substitution of this value r 1 tor r in equation (t) will not ap- 
preciahly affect the value of the right-hand side. We are thus led 
to take 



(w) i* = 

It follows from (t), in which /f'>o, that 

V(r)<K [log (///Op 1 ' 
So the number r r defined by equation (w) is less than 



and 



V(r') < k' + (i + -,,(/<)) C (logy)*" < ( + i(r)) V(r). 

Therefore Ihe domiaant U.(r) satisfies the following condition : 
(4, 17) logU.(/-') < (i+ (;)) log U.(r) 

where 
(4, 18) r' = 



For all ordinary values of index a the same inequality is satisfied by 
logM(r). 
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Borel has shewn that every increasing function *F(x) satisfies some 
condition of this kind. If we put 



we have, in general, 

lim 



a certain set of segments, whose total length beyond a certain value X 
is of order ^(X)"*, has to be excluded. The property of growth of 
log M(r) which has just been established is thus nbt restricted to 
functions to which our argument applies and it would be possible to 
give a proof independent of the notion of an ordinary interval. But 
*our method is interesting in that it connects the intervals in which 
logM(r) is of normal growth with the intervals in which the inequa- 
lities of the section I are satisfied. 

8. The zeros of functions of infinite order. It was assumed in 
theorem a5 that the function was of finite order. This hypothesis 
was only used to find an upper limit for |4>/(2)| in passing from the 
inequality (m) to the first inequality (o). 'The result of the last para- 
graph permits us to dispense with it. We had 



Assuming R, to be an ordinary value of index a (near to i) and 
,= i+K(logM(R,))-* (* = .!_,, '<*), 



which gives 

It' = (R/R,)-/7 = i + K(logM(R,)r 
logfr' = K(iogM(R,))-* 
H'=Klog.M(R,), 

the inequality (m) becomes 

A,(R.)<KH(*)(logM(R,)r*. 
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It now follows fro... corollary (8) that, for |j| 8 



* 



A t (R.) < KH(log-M(R t )r 



and theorem i3 shows that, provided |z|<^R B , |<L\'(z)| is less than 
the product of this expression and i/\\ t (^k' i). Therefore since 
II(/c) is bounded and log M(H f ) is riot, we have 

!*/(*)!< (log 

Consequently, if il(/c) is such that 



the argument of theorem a5 is valid from this point onwards. Thus, 
if II(/i) satisfies this condition together with the last inequality of 
i a, which becomes, on replacing k' and H' by their values, 



then I he relation 



is impossible. The two conditions will clearly be satisfied if we put 



// H, i* a/i ordinary value of index a and ft is equal to 



K(logM(R,))-*J 8>- 

(X 



then 



r /t(x - a)+n(a; ' 

/p X 



As a may be taken as near to i as we please the following propo 
si lion is proved : 
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THEOREM 3r. If f.(z) is an integral function of infinite order and 
a ami h are two different numbers, then, given any e, the number 
n(x, a, b) of zeros of the function (f(z) a) (f(z) 6) satisfies the 
inequality 

f n(,r, a, b)dx/x > ( log M(/') ) 1 - (p > o) 

J't 

for nil values of r, save possibly m a set of intervals in which the total 
variation of log r is bounded. 

It is possible lo deduce from this theorem an inequality which, 
though in some cases it may be lacking in precision, is valid for all 
sufliciently large values of /. In fact, bearing in mind the characte- 
ristic property of exceptional intervals f(H, R') being such an interval 
Mm IV/K i], we see, since the integral is an increasing function, 
that yiren any s and any k ^> i the inequality 



f u(x, a, b)dx/,c > [log M(r//f)]'~ 
/i 



is satisfied for all sufficiently large values of r. 

It is moreover clear that in those intervals in which logM(r) is 
less than r h , h being any fixed positive number, theorem 26 applies 
and the number s may be suppressed. 

We have thus obtained a precise result complementary to Picard's 
theorem and independent of any consideration of order. 



IV. A DIKECT PROOF OF THE GENERAL PlCARD THEOREM. 



We have investigated the behaviour of f(z) in the neighbourhood 
of its points of maximum modulus and on the results obtained we 
shall found a proof of the general Picard theorem : A function F(z), 
having an isolated essential singularity at i/iftnily, assumes every value 
an injinily of limes in the neighbourhood of the point at infinity, save 
possibly a single exceptional value. The argument is a direct one. It 
consists in shewing that if F(z) has no zeros outside a certain circle 
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described about the origin, then Ihis function assumes every value 
a 4=0 in all the regions D* rt of theorem 29 which are sufficiently 
distant from the origin. 

9. Picard's theorem. V function (z) having no zeros outside a 
circle \z\ = R is of the form 



where f(z) is an integral function and W(z) is regular for |r| 
and zero at infinity. The equation 



may therefore he \\ ritlen 

(4, 20) /(z) 4- jx log z log |a| 2t7u(0 4- </) 4- V(z) = o, 

2?rO being the argument (lying between o and 2*) of a, ry a positive or 
negative integer or zero, and log z one of the determinations of the 
logarithmic function. To each couple of numbers q and z satisfying 
equation (4, 20) there corresponds a solution of (4, 19). 

Now suppose that a lies between two numbers i /A, A, where A is at 
our disposal, and that z lies in a region D ;O sufficiently distant from 
the origin to ensure that R exceed any constants which may appear 
and that M(R) be greater than R. We lake for log z that determi- 
nation which is continuous and has its imaginary part less in abso- 
lute value than 271 in JX- . 

Equation (4, 12), written 

shews that on every arc \z\ = constant, interior to D ;O , the argu- 
ment of f(z) 4- {A log 2 , which is continuous, varies by more than 

N l/I(i , so that on this arc there are more -than - N I/>|H points z t at 

which the real part of this quantity vanishes. z t being such a point 
and aiwQ the value of f(z t ) + |xlogz l we have 

(I) |Q|>KM(R)N~ 1/1 *. 
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Let Q 4 be the greatest integer less than Q and put ^ = Q t . Equa- 
tion (4, ao) may be written in the form 



where 

G(z) = ai*Q - - log \a\ - a/-(0 + Q,), 



Now the function G(z) vanishes for 

a| + ( + Q. 



= 
' 



)> 
J 



*Q 

\ 

and, since |6 f | = |8 4- Q 4 Q| < 2, the last term in the last bracket 
is less in modulus than (log A + 5^)/27iQ = K/Q, which in virtue 
of (c) is very small. Therefore 



z== " z \ 1 + s^QN ^Ntf')' 

Theequati6n G(z) = o has a root in the circle C 2l defined by the 
equation 



where y is an arbitrary fixed number and x is real and varies from o 
to air. On the circumference of this circle we have 



or 

G(z) = 21^ + K/Q, 

and so 
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Now consider the function 11(2). For points on the. circumference 
of C ?1 we have 

KR KR ..,5/16 



and hence, by the third part of theorem 29, where weput(R)=KN~ */ 8 , 

) f Y/(*t) <KN~ 1/8 . 
In addition, the difference logz (z/z^ log z t may be written 



and this is clearly less in modulus than KlogR/Q. Hence on the 
circumference C 4 , H(z) tends to zero with r/R. Thus finally on 
this circumference 



Therefore, since the functions II(z) and 0(2;) are regular in the 
circle G :I , the number of roots of the equation 

G(z) + H(z) = o 

in this circle is equal to the number of roots of the equation G(z) = o 
(douche's theorem)^) :. there is at least one root of equation (4, 19) 
in C Zl . This clearly proves the theorem. 

In addition to proving Picard's theorem the resources of this me- 
thod enable us to make deductions about the distribution of the zeros 
of F(s) a. 



(*) Rouche's theorem : The functions f(z) and 4>(z) are regular in a region 
bounded by a closed curve C, and on C we have \<b(z)/f(z)\ < i. Then the 
number of zeros ofj(z) -f- <l>(z) in C is equal to the number of zeros off(z) in C. 
The proof is very simple. It is known that if f(z) has K zeros in JC, then as z 
describes the path C, the change in the argument of /(z) is equal to ar:K. 
Now f(z) + <!>(*) = /(2) (i -f (&(z)/f(z)) and, since by hypothesis |$//|<i 
on C, it is clear that the change in the argument of the last factor as z 
describes C is zero. Therefore the change in argument of /+ * is equal 
to-a^K, and the 'theorem is proved. 
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The circle C ri lies inside a circle of centre z t and radius not greater 
than 

R togA + fo + a*? KR __ 

< ~ r 



and on each of the arcs 



interior to D ro , there are -N/i points r, lo each of which the 

above argument applies. Each of them is the centre of a circle of radius 
d containing a zero of f(z) a, where i/A ^ |'/| ^ A. Now these cir- 
cles do not cut one another. For the distance separating two points 
z % on the same arc (V) is equal to a^( \ + y,(R) ) R/N > 2f/. Circles 
with their centres on different arcs (a) cannot cut, by definition. 
We have thus found K N 1 / 10 |/(z )| zeros of F(c) a in the region D :O . 
Jn particular this is true of the region* D Jf) corresponding to the 
point z A>here |/(r t )| = M(R), and we may stale the following 
proposition : 



THEOREM 3a. The number of roots of equation (l\, 19) in every 
region D r<) where \f(z )\ =M(R), sufficiently distant from the Qriyin, 
exceeds KN I/|0 M(K). In the region D :O we can describe a set of non- 
overlapping circles of radius K'R/NM(R) whose centres lie at the ver- 
tices of a network of curvilinear '(/nadrilaterals, such that each circle 
contains a zero of every function F(r) a, where \a\ lies between two 
assigned positive numbers. 

In order to remove the restriction on the value of a the circles of 
radius d can be replaced by circles of radius j^(R)R/NM(R), ^(R) 
being a very slowly increasing function. The number of such circles 
in D, is now only KI\ Tl / ir> iM(R)/ft(R), but we can assert that for 
R > R a every function F(z) a has a zero in each of them. 
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CHAPTER V 
Asymptotic values and paths of determination. 

Jt follows from a consideration of the properties of fund ions of 
Hie form (?*( : \ \\here O(>) is a polynomial, that an integral function, 
or a function FU), may lend steadily to zero as z tends to infinity by 
paths interior to certain angles. If we can find an angle in which 
F(z) tends to a definite limit the function may be regarded as being 
complete!) known, and the essential singularity as being without 
influence, in that anfile. There are also important deductions to be 
made concerning the imerse function Q of V(z). In this chapter we 
shall restrict ourselves to an investigation of the properties of the 
asymptotic values themselves, without touching on these collateral 
questions, though their importance is obvious enough. 

It was shev\ n by \\ iman that functions of order less than i />. have 
no finite limiting values. On every path proceeding to infinity the 
upper limit of |F^)| ' s equal to -f-oo. Our proof of this theorem is 
based upon a result which is now classical, Phragmen and Lindc- 
lof's generalisation of Cauchy's theorem on the modulus of a regular 
function. It is a generalisation of \\ hicli many beautiful applications 
have been made, notably by Lindelof himself. Functions of order 
less than 1/2 are thus to some extent analogous to polynomials and 
we shall shew that in the case of functions of zero order such that 

the ratio 

logM(r)/(logr) 4 

is bounded the analogy with polynomials is e^en closer. For if the 
zeros are excluded by certain small regions the logarithm of the mo- 
dulus becomes asymptotically equivalent to the logarithm of its maxi- 
mum as z recedes (*) along any path in the, remainder of the plane. 



(').See Appendix D. 

(*) As \ve shall often have occasion in this chapter to speak of continuous 
paths proceeding from a point A to infinity we propose, for the sake of 
brevity to call them receding paths. When z traverses such a path we 
shall say that z recedes. 
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The rest of the chapter is devoted to the study of the paths along 
which F(z) lends to its asymptotic values. The principle result 
established is a theorem recently proved by Garleman, who has 
shewn that for a function of order p there cannot be more than 5p 
non-contiguous assemblages of such paths. 



I. LlNDELOF's THEOREM AND FUNCTIONS OF ORDER LESS THAN f/2. 



1. A generalisation of a theorem of Gauchy. - Let us consider a 
closed region D bounded by a contour T formed by one or more 
arcs of simple curves. We know that the modulus ofa function <I>(z) 
regular in D attains its maximum value at a point of the contour, 
it is moreover sufficient for the truth of the theorem that the func- 
tion should be analytic and regular and of uniform modulus in D. 
Thus if the function is bounded on the contour P, \$>(z)\ <K, it is 
also bounded at all points interior to D. 

Now suppose that $(2) is analytic and regular at all points of D 
except for a finite number of points A, , A t , . . . , A m , of the contour 
P and that on the intervening open arcs of Fits modulus is less than 
or equal to K, this modulus being uniform in D. With these condi- 
tions the original form of Cauchy's theorem no longer applies. Bat 
suppose that there is a function o>(z) regular in the same domain as 
<]>(z), having no zeros interior to D and of modulus less than i on the 
various open arcs of T determined by the points A,. If further, for 
all positive values of a, the product 

V(z, ) = *(*) [a**)]' 

tends uniformly to zero as z approaches any of the points A, by a 
path interior to D, the function (z, a) is again a function whose 
modulus does not exceed K on the arcs of F. And if z is an inte- 
rior point of D we can, for all a, describe a circle about each of the 
points A; of radius such that z lies in the open domain A formed 
by the points interior to D and exterior to these small circles and 
such that | V(z, a)| < K on the closed arcs of these circles belonging 
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to D. Thus \W(z, a)|^K oil the boundary of A* and so, by Can- 
cliy's theorem, we have for z u 



Hence, since o>(z a )=[=o, 



Bui Ibis inequality is (rue for all a and the value of <t(? M ) is in- 
dependent of a. We therefore conclude that 



THEOREM S3 (LINHELOF'S THEOREM). Suppose thai the function < 
is analytic, regular and of uniform modulus in a finite, open, connected 
domain D, and regular and of modulus less than K on the various 
open arcs of the bounding contour F determined by a finite number oj 
points \j . Suppose further that there exists another function o>(z) 
satisfying the same conditions with the additional provisions that it does 
not vanish in D and that \M(Z)\< i on these arcs of F, such that the 
product <&(e)[w(2)]* tends uniformly to zero, for all a>o, as z ap- 
proaches any one of I he points A y by a path inferior to D . Then we 
can assert that 

!*()! < * 

at all interior points of D . 

We may observe that it is permissible to suppose that certain por- 
tions of the contour F are frontiers of contiguous portions of D. 
For example, F might consist of a circle and a radius. 

As a preliminary application of the theorem let us assume that 
|I>(z)| is bounded in D. We may take 

co(s) = R~"'(2 -a t )(z-aj . . . (z-aj, 

where 2 = 0, at the point A, and R is the maximum diameter of D; 
this function satisfies all the conditions imposed in theorem 33, and 
we can deduce the following corollary : 

COROLLARY 33. Let $(z) be a function regular in a finite do- 
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main D and on Us contour save at certain points A, , A, , . . . , \ m , and 
let |4>(z)| <^ K on the arcs of the contour determined by these points A,. 
Then, either \<\*(z)\ ^ K at alt points of D, or there exists at teas tone 
sequence of points of D , with one or more of the poinls A, as limit, 
xuch that in this sequence 

lim |<I>(2)| = oo. 

By means of this corollary e are able to shew thai for every func- 
lion F(e), with an essential singularity at infinity, there ntist paths 
along which the modulus of the function tends to infinity. 

In the first place we ha\e seen that the maximum modulus M 4 (r) 
of F(z) is ultimately an increasing function. Let K(> i) be a num- 
ber such that M f (r) is an increasing function for all /> H and let us 
consider an indefinitely increasing sequence of numbers 



Now it follows from Liouville's theorem that there is a point out- 
side the circle |z| = R at which |F(z)|>\ 1 , and it is clear that the 
set of points at which |F(s)|>X t constitute a set of one or more 
connected open domains whose contours are continuous curves on 
which |F(e)| ~X,. One of these domains is clearly exterior to the 
circle |z| = R. Let us denote it by D t . Now this domain is infi- 
nite. For if it were finite we should have |F| = X, on the boundary 
and |F] > X, at interior points, in contradiction with Cauchy's theo- 
rem. Moreover |F| is unbounded in the domain, for otherwise we 
should have a contradiction of corollary 33. There is therefore a 
point of D, at which |F(z)|>X t , and consequently a domain D t , 
interior to D t , such that at all points of D t , |F| > X t . This argument 
may be repeated for X a , . . . , X w , . . . and so on. We have thus found 
a sequence of infinite domains D,, D t , . . ., D, ;| , . . ., each interior to 
the preceding one and such that in D w we have |F| >X /n , whilst on 
the contour, which is a continuous curve, |F|=X M . If now we 
join a point of the contour of D 4 to a point of the contour of D, by a 
continuous curve lying in D,, then this point of the contour of D t to 
a point of the contour of D 3 by a continuous curve lying in D t> and 
repeat the process for each domain, we shall obtain a continuous re- 
ceding path along Which (z) tends to infinity. 
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In general we shall say that a receding palh along which F(z) tends 
to a value u> is a path oj determination <o and that w is an asymptotic 
value. The result we have proved can then be stated in the following 
form : 

For every function F(z) there exist paths of determination oo, or, 
infinity is an asymptotic value of F(z). 

If F(z) has a value exceptional P, say 6, then the function 



o 

has an isolated essential singularity at infinity, and so has paths of 
determination oo. Therefore if b is a value exceptional P for F(z), 
there is a path of determination b for this function. 

2. Wiman's theorem. The following result, due to Phragmen, can 
be deduced from theorem 33. 

THEOREM 34- Let <I>(z) be a function regular in the open domain 

~ 

and on the finite part of the contour, and suppose that the function is 
of order less than v in this angle .i.e. there is a number y' less than y 
such that 

log |*()|< ^ (r=|z|>n' f |?|<*/a Y ). 



Then if |<(z)| < K on the contour of the domain t the same inequa- 
lity holds good throughout the domain. 

The proof is immediate. Let us take 



the determination of z r> being such that thfe function is real and 
positive on the positive real axis. Then we have in the domain and 
on its contour 

log KZ)| = - r" cos ( Y ' ? ) < - fb" (p > o). 

does not vanish in the domain, |o>(z)| < i on the contour and, 
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as z recedes by a palh in the domain, the product [<(z)]*$(z) tends 
uniformly to zero. For 1 



log [ |*(e)| | w (*)|-] < - pr" 4- ^ (r > R') 

and 



The result then follows from theorem 33. 

In particular if F(z) has an isolated essential singularity at infinity 
and is of order p< i/a, there is no line cp = constant on which F(z) 
is bounded. For suppose Ihe contrary to be the case aud that F(z) 
is bounded along a straight line, which it is plainly permissible to re- 
gard as coincident with the negative real axis. Then, applying the 
foregoing theorem with y=i/a, / = ? -4- s< i/a, we should con- 
clude that F(c) is bounded in the whole plane |z|>H, which is 
impossible. 

In general if F(z) is of order p< i/a we have 



where <!>( J assumes a finite value \ at infinity. Provided that r 

is sufficiently large the minimum modulus of F(z) on the circle 
|c| =r is greater than 



and therefore greater than the modulus of 



at the point of modulus r on the negative real axis. But, since the 
moduli of its zeros are equal to the moduli of the zeros of F(z), F/z) 
is also of order p< i/a and is therefore unbounded on the negative 
real axis. Hence we have : 
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THEOREM 35. Given a function F(z) of order less than i/a we can 
find a sequence of circles of indefinitely increasing radii described 
about the origin as centre on which the minimum modulus of F(z) tends 
to infinity. There is therefore no finite asymptotic value for functions 
of order less than 1/2. 

Here we have an analogy between a function (z) of order less 
than 1/2 and a function with a pole at infinity. A more precise in- 
vestigation of the minimum modulus on certain circles shews howe- 
ver that the analogy is even closer than is suggested by theorem 35. In 
view of the preceding argument we may clearly confine ourselves to 
the case of an integral function equal to i at Ihe origin and having 
its zeros on the negative real axis. It is plain that if we are given an 
integral function equal to i at the origin and if \\e change the argu- 
ments of its zeros without changing the moduli so as to bring them 
all into line we shall thereby increase the maximum and diminish 
the minimum modulus on any circle |,:| = r. So that any inequa- 
lities found to hold between the maximum and minimum modulus 
in this particular case will hold in general. 

Now suppose that p(r) is a proximate order L of f(z) subject to the 
conditions of (III, 6) : log M(r) satisfies the condition (3, i3^ 



T=OO /* 

Let V(z) be a function analytic and regular in the domain 

r>R, *<?<*, 

and regular on the finite part of the contour, such that 



and suppose that V(z) is real on the positive real axis. 
Now the function 



is regular and of order less than 1/2 in the domain D. Its modulus 
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will therefore be bounded in D if it is bounded on tbe contour, and 
in particular we shall have 

log/(r)<*V(r) + K. 

and if /r< i this leads to a contradiction. Therefore, for an indefi- 
nitely increasing sequence of values of ;*, 

log|/(-r)|>* i co 8 ( W p)r' l 

provided k t < i; and Wimans's theorem may be staled in the follow- 
ing precise form : 



THEOREM 3(>. A fane lion (z) of order p< 1/2 and of proximate 
order L equal lo p(r) satisfies the inequality 

(5, I) log \f(z)\ > [COS (*p) - e] /*"> (e > o) 

on an infinite sequence of circles of infinitely increasing radius. We 
have, a fortiori, on these circles 

(5, a) log |/(z)| > [cos (*p) - ] log M(r). 

It remains to establish the existence of the function V(z). We 
start from a canonical product 



of order less tharv i with its zeros situated on the negative real axis 
such that(') 



where p t ( r ) ' s a proximate order Land tends lo the value p, as> / lends 
to inlinity. - So that, however small o may bo, 



are increasing functions for /> 1\. 



(*) The square bracket here denotes the integral part of r?,C'). 
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Generalising a previous calculation (III, i/i) we have, for all 
points off the negative real axis, 



= 

Jo 



o X(X + Z) 

\Ve assume that - ^C& <^- , (z =rargz), and we divide up the 

2 2 ' 

integral into four parts, I,, l a , \ Jf 1 4 willv ranges of integration o, R* ; 
R*, r/X; r/X, rX; rX, -f-oo, where R* is the number defined above 
and X is a number greater than i . Observing that \JG -f z\ is greater 
than x and r we obtain, as in (HI, 7), 



and, writing 

i/ *A /"* 2J5?l(r) / 
I (a, 6) = / ; - - dx , 

V ' Ju X(X + Z) 



X(X + Z) 

rnC*), |(Xr,oo)|< 



It follows moreover from the properties of p t (r) that in every seg- 
ment r/X, rX 

n(x) = ( i 



for any given value of X>c and for sufficiently large \aluesofr 
(r>r,, t ). Hence 

*>>. 
-f 



The last integral is less than X*i ^mC*)/^ o). We may there- 
fore write 

log P(z) = I(o, oo^ 4- 0/-" (r) [K t x"~ ? ' -f K/ 4+ *- + (r)X t1 " 1 ], (|6| < 2). 

The first two terms in the square bracket can be made as small 
is we please by choice of X and the third lends to /ero as r tends to 
infinity. That is lo say the term in the brackets tends to zero as r 
tends to infinity. 
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It remains to evaluate the integral J(z) = l(o t oo). This presents 
no difficulty. W replace x by the complex variable x = te l * and 
observe that, if for example <f >o, the integral 



/ 



x(x + z) 






taken along the arc ,r=:|/|, o^-}<J<j>, lends to zero as / tends to 
infinity, since \x(x -f- z)\ >/* We now make the change of variable 
x = te uf , giving 



and putting / = /, 

/ ?*<'> - 

- da = - : - -rn< r >. 
i -f a sin [7:p,( r )] 

Finally, since p f (/*) tends to p t , we have in the region under consi- 
deration 

(3,3) V^) = 



If in this function \ ,(2) we no\v replace z by \/z we obtain a new 
function V(z) regular in the region r>H 4 , ^^'f ^^ anc ^ 
that 



- - . 

sin(7rp i ) 

And this function satisfies the conditions imposed if 



The reader will have no difficult} in seeing thai if &(r) is a proxi- 
mate order L, the function p,(r) defined b> the equation 



is also a proximate order L. 
Theorem 36 is thus completely established. 
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A number of deductions concerning integral fonctioas of finite 
order greater than 1/2 have been made from this theorem of Wi- 
man. We shall content ourselves with mentioning only one, as 
follows : 

THEOREM 87. If f(z) is an integral function of finite order p and 
q the smallest integer greater than 20, there is a positive namber h 
and a sequence of circles of indefinitely increasing radius on each oj 
which there are arcs of total measure not less than in/q on which 

log |/(*)|> A log M(r). 
Consider the function 



where w is a primitive q'th root of unily and a a constant less than i. 
G() is clearly' an integral function of order less than 1/2. If r(r) is 
a general proximate order of f(z), U = |a|, and O/U) is the maxi- 
mum modulus of G(u), we have plainly 

log G,(U) < (q + , ) r = (4-i )U K(C) 

Here as in the former case p 4 (U) is also a proximale order. On 
ftie other hand if n(x, a) is the number of zeros of the function 
f(z) a, and consequently of all the other functions in the product 
also, we have by Jensen's theorem 



logG t (U) >fa-i) n(x, d)dx/x. 
-/? 

But, in virtue of theorem 26, we can choose an a such that the right- 
hand side of this inequality shall be greater than Ilr^ for a sequence 
of indefinitely increasing values of r, and therefore greater than 
HU p i( u ) for a sequence of indefinitely increasing values of U. From 
these two inequalities we conclude that 
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where K lies between II and (q -f i). Therefore the function 



is a proximate order L of G(). And by Wimati's theorem we have, 
on a sequence of circles, 



= |/ - a\ . . . | /(*,.,-) - a| 
>[M(r)]* 



This inequality is clearly equivalent to the enunciation of the 
theorem. 

3. Functions of zero order. An integral function equal to i at 
Ihe origin and of zero order is. of the form 



with exponent of convergence Aero. The logarithm of the maximum 
modulus is less than 



fn(x) , fu(x) . 

dx + r I ~~dx, 

o x J r X* 



and comparing this inequality \\ith Jensen's theorem \\c soe that 
' 



5,4) log M(r) = / ' dx + Or /* ^ dx (o < < i ). 

/o X // X 



(5 



Now log M(r) increases more rapidly than K log r. Therefore 
those functions for which the coefficient of is less than K log r have 
the following remarkable property : the logarithm of the maximum 
modulus is asymptoticall) equivalent to the integral of theorem (16), 
or 

(5,5) JogMi/')" / n(x)dxjx. 

so 
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In order lhat Ihe condition may be fulfilled it is necessary that 
/*(/), the number obtained on substituting n(r) for /*(#) in the 
coeilicicnt of 0, should be less than K log/*. And it is easy to see 
that Ibis condition is also sullident. Now if n(r}< K log/ 1 il follows 
from (f>, f>) lhat lo<{MO)< K (log/*) 3 ; a'nd conversely, as is sbeun by 
Jensen's llieorcm. Thus all functions subject to Ibe condition 



, 

r=rx (log/*/ 

satisfy equation (.">, .">). Such functions boar a close resemblance lo 
polynomials, but we shall soo lhat in fact thr analogy goes even fur- 
ther than this. 

We proceed lo examine the modulus of tho function outside certain 
small regions enclosing Iho zeros. 

Let ft(x) be a decreasing function tending lo zero but greater 
than i/.r, and le| us consider Ibe sequence of circles of centre z = o 
and radii 



The numbers R w form an indefinitely increasing sequence. Let 
D m be Ihe annulus between the Iwo circles of radii R OT and l\ m , t and 
D' wi lhat between the circles of radii 11^ = 1^(1 -?(Rj) and 
H ff w i=:R w (i 4-3fi(Rj), m t and w 4 being tl\e values of n(r) for r=W m 
and R^ respectively. In Boulroux's theorem concerning polyno- 
mials we have a weapon for dealing with the modulus of the func- 
tion in the annulus D', M . Consider Ihe polynomial, 



= i (-)> 



when 2 lies in Ihe annulus I)' We have 



r r 



TO, -|- I 
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and so, \v riling 



r = 



r = 



j 4- 1 



In (his last polynomial both x and a /4 arc real and lie between o 
and i. Therefore, except on certain circles whose radii lie in a set 



of intervals of total length -jriKR ,)!* 



have 



( a <A Ilw 2 
T) ' 



Now 11 is at our disposal and wo may put = (^(R^))*. Tho 
inequality 

is then satisfied throughout D WI except in certain annuli whose total 
width is less than R w ft s . 

A similar procedure shews that the same inequality holds good 
except in certain sectors in which the variation of o> = argz does not 
exceed KB 8 . It is in fact sufficient to observe that 



>sin|cp 



Finally, if the inequality (5, 7) holds on the boundary of a domain 
containing no zeros of g m (z) it holds throughout the domain. We 
see therefore that this inequality is satisfied at all points of D m save 
in certain domains which can be enclosed in curvilinear trapeziums, 
of dimensions less than R OT P(^ W )* surrounding the zeros. The re- 
gion A w of points of D WI exterior to these trapeziums is a connected 
region and repeating the argument for the annuli D,,,^ , D WH1 it is 
clear that together with the two analogous regions in D^.., and D WH< 
it forms another connected region. 
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If z is a point of \ m wo have 



I /l 2 -f I 

/r 
n(x}(lrjx K w t fi~*. 
' 

The logarithm of the first product is greater than 

since r n < r(i p). 

In the second product /' >/'(i + '*?)/(' + ft), and so 

/ r\ i -f a? r 

But, by (111, a), 

oo 

S~- 

Hence 



Finally, since 

/ ji(x)dx/x* > I 

we obtain the inequality 

/r nf'Y*\ K /^* lt( X\ 

"V da5 "~7? r / "^r dr 
5C p k /r X* 

valid in the domain A formed by adding together all the regions A m . 
In particular for functions satisfying condition (5, 0) the coefficient 
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of K/fJ* is less than Klog/* and we may choose p(.x) decreasing so 
slowly that the last term on llic right in (5, 8) \\ ill bo trivial. Hence 
the following theorem : 

THEOREM .'f8. For nil functions satisfying condition (5, 6) the lo- 
garithm of the modulus is asymptotically equivalent to the logarithm of 
the maximum modulus corresponding to the same value of r, except in 
certain small domains enclosing the zeros, the dimensions of such 
domains being infinitesimal in comparison with their distance from 
the origin. 

A striking consequence of this theorem is thai, for all /*>/", all 
the xeros of Hie function f(:) a lie in the excluded domains. The* 
problem of the/distribution of the zeros of functions of zero order of 
the class we have considered rna> thus he regarded as solved to a 
first approximation. 

It is easv to she\> that fur functions f(z) of zero order which do 
not satisfy condition (.V, 6) the logarithm of Ihe minimum modulus of 
f( r) is still asymptotically equivalent to the logarithm of the maximum 
modulus on an infinite sequence of circles of indefinitely increasing 
radii. 

In virtue of (5, /i) and (5, 8)' it is sufficient to prove that the ratio 



is unbounded. For if the ratio is very large for a certain value of r 
il will be very large in the segment /*, sr, since the integral in the 
denominator is a decreasing function of r. If the ratio w r ere bounded 
we could find a number h such that ultimately 



U(r) = <lx < hr dx = hr 

\ +/i> X Jr X 

and, integrating by parts, 

L'(r) < AU(r) 4- ///' / U(.c)rfjtr/.i;', 

Jr 

which we may write 

+ (i +A)rV l (r)>o > 
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V(r) denoting the last integral written above. On integration it fol- 
lows that V(r)rM*-H) is an increasing function, and consequently 

I.. 1 (/*>/ dJL I ^> IV / V ' ' . 

But this inec|iialily implies that U(r)r-( ft -H> does not lend too, 
so that, since log M(r) is greater than U(/ % ), the order of the function 
must be at least equal to i/(i 4- h), which is contrary to onr hypo- 
thesis. Tito result slated, which is due to Liltlcwood, is therefore 
pro\ed. 



II. IVrilS OF DETERMINATION OF F I NATIONS OF FINITE ORDEII. 

Let C be a path of finite determination a for the function F(r). 
That is to say that if e f , s a , . . ., s w> . . . is a decreasing sequence of 
numbers tending to /.pro, there is a point of C corresponding to each 
s ;/ beyond which 



There is then a domain D w in which \F(z) a\ <e n , while on the 
contour \V(z) a\ = S M , and from a certain point onwards the 
curve C is interior to D M . Inside a circle |j| < r, D M may consist of 
several portions and it is clear that each of these portions is simply 
connected. Any curve which is ultimately interior to every domain 
D M corresponding to the sequence is a path of determination a. We 
shall say that the various paths of determination a obtained in this way 
are contiguous. Between these paths F(c) tends to a. The set of 
contiguous paths of determination a constitutes what Boutroux has 
call a " langue", which we propose to call a tract of determination a. 
Tracts may differ in t^o respects, either because they correspond to 
different asymptotic values or because the paths of determination la- 
ken in two tracts are not contiguous. 

It follows from the property of continuity that given a path of de- 
termination a we can find a contiguous palh of the same determina- 
tion consisting of rectilinear segments. Such a curve cuts a circle 
\z\ = r in a finite number of points only a properly which will 
be of use to us later. 
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4. Some results due to Lindelof. Lindelof lias proved by a sim- 
ple application of theorem 33 that if the function Y(z) is bounded in 
a domain D limited by two paths of determination a, then in this do- 
main F(z) lends uniformly to a . 

It will be convenient in this case to assume that the essential sin- 
gularity is at the origin instead of at infinity. We suppose further 
that a preliminary transformation (z, 2 s ) has been made such that the 
arcs of the circle \z\ = / intercepted by every domain I) r , where D r 
is that part of 1) lying in the circle |z| r(r<R) and having the 
origin as a frontier point, are interior to an arc of angular measure 
less than air/3. The function F(z) transforms into a function F,(z) 
regular on two paths C and G' (we may regard these paths as consis- 
ting oX rectilinear segments) and in the open domain D between them 
and interior to a circle \z\ < A. Finally we assume that the asymp- 
totic value a is zero, as \\e may clearly do without diminishing the 
generality of the proposition, and lake K lo be the bound of t (z) in 
the domain D. 

Consider a point z interior lo a circle |z|^r<;A and let z ' be 
the inverse point with respect to -the circle. The points z , z ' are 
unaffected by Ihe linear transformation 



2 



\ pointjof the circumference is transformed into a point of the cir- 
cumference and the interior of the circle is consequently transformed 
into itself. As z t} lends lo zero the transformation becomes a rota- 
tion through the angle z. We -can therefore find a number A:<i 
such that, if |z | <kr, an arc of the circumference of length 27rr/3 is 
transformed into another non-overlapping arc. 

Now let z be a point of D r of modulus less than AT and make this 
transformation. The domain D r is transformed into a domain D r ' 
and those parts of the boundaries of D r and D/, which are arcs of the 
circle |zj = r have no common point. The domain D/ common 
to D r , D,/ is bounded only by arcs of C, C ; and their transformations, 
and z a is an interior point of D r f/ . The function F 4 (z) transforms into 
F (Z) and, since z 9 is invariant, F t (z ) is equal to F t (z ). If t f is the 
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maximum modulus of F,(^) on those portions of C and C' bounding 
D r , then 



at all points of the boundary of D/ except at the origin and its trans- 
formation if these points are on the boundary. But |F t (z)F t (z)| does 
not exceed K* in the domain D/, and so we can apply theorem 33. 
Therefore 



Now this inequality is satisfied at every point z interior to D r and 
such that \z \<kr and we see that F 4 (z) tends uniformly to zero as 
z approaches the origin by a path interior to D or along the boun- 
dary. Lindelftfs result is therefore proved. From it we can deduce 
the following fundamental theorem : 



THEOREM 3g. // the function F(z) is bounded in a domain D lying 
between two paths of finite determination, then the .asymptotic values 
on these paths are equal and (z) tends uniformly to their common 
value atony any receding path in D. 

To prove this we suppose the theorem false. The asymptotic values 
of F(z) along the two paths C and C' are then distinct, say a and 6, 
a =4= 6. The function 



tends to (a - 6)*/4 on the two paths G and C' and is bounded in 
the domain D between them. It therefore tends uniformly to this 
value in the domain D and on the curves C, C'. But this implies 
that F(z) will tend uniformly either to a or to 6 iir D and on C and 
C', which is contrary to our hypothesis. The theorem is thus esta- 
blished, for we know that when the asymptotic values on G and G' are 
equal and the function is bounded in the domain D between them 
it tends uniformly to their common value along any receding path 
in D. 
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COROLLARY 89. Two different tracts of finite determination are 
separated by at teast one path of determination oo . 

For if \ve consider two paths on \vhicli the asymptotic values are 
different F(z) is unbounded in. the two domains between them and 
the same argument as was used in r to establish the existence of? 
path of determination o in general suffices to shew that there is 
such a path in each of the two domains. 

If the asymptotic values for the two tracts are the same, F(2;) can- 
not be bounded in either of the two domains between them, for if it 
were the l\\o tracts would reduce to one, by theorem 3g. 

It would be possible to give numerous examples of properties of 
paths of determination proved by means of theorem 33. Suppose 
for example that (z) has-a path of determination with an asymptote, 
which we may suppose to be parallel to the positive real axis. Then if p 
is the order of F(c) and p > o there is no other path of finite de- 
termination not contiguous to the first in any angle of magnitude 
rc/(p -f ( 6) containing the positive real axis. 

In fact we consider the function 



the number /r, of modulus i, being chosen so that in the angle in 
question log |<o(^)| >Kr p '. This is certainly possible if we are given 
the choice of c'. Then theorem 33, with this function w(z), shews 
that if (z) is bounded on two paths in the angle it is bounded in 
the domain between them. The two paths must therefore be conti- 
guous and the proposition is proved. 

Results of this class are easily generalised by means of conformal 
representations. 

By way of illustration let us consider the function 



where m is an integer greater than i . Since the derivative of this func- 
tion f(z) is plainly of order m/a, the function f(z) itself is also of 
this order. Putting z = re* ii: P/ m (p an integer) we have 



= e*W m f [sinr m /*] % r" m dr. 

/0 
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As r tends to infinity this integral tends to a positive limit. So 
f(z) tends to different limits in the ra directions of argument arc/)///! 
and there are at least m tracts corresponding to different asymptotic 
values. In a similar manner we find that the directions of argument 
('jp -h i)rc/w are paths of determination oo. And so it follows from 
the remark above, since the angle hetweeri a path of finite determi- 
nation and the two nearest paths of determination oo is ir/m <?:/(>, 
that there is no path of finite determination between these paths 
which is not contiguous to the path of finite determination conside- 
red. The function f(z) of order p = m/2 has therefore ap finite 
tracts. 

The function sin (\J z)l\/ z similarly furnishes an example of a 
function of order 1/2 with one finite tracl. 



5. The number of tracts of a function of finite order. In this 
.paragraph we prove by a method due to Carleman that the number 
of finite tracts of a function Y(z) of finite order p does not exceed 5o. 

Consider two receding paths C and G' on which F(z) is bounded, 
while it is unbounded in D, one of the domains between them (We 
might suppose that C and C' coincide and that I) consists of the plane 
\z\ >H cut along C). We assume as usual that C and G' have been 
deformed so that they only cut a circle \z\ = r> H in a finite num- 
ber of points. The number of arcs of \z\ =r intercepted by the do- 
main D is therefore finite. Let the total length of these arcs be de- 
noted by r = 6(r) and let e v "( r ) denote the maximum modulus of F(z) 
on these arcs, regarded as closed. V(r) is by hypothesis unbounded 
and is therefore ultimately, by Gauchy's theorem, an increasing 
function of r. Thus, beyond a certain value of r, the maximum va- 
lue of V(r) is attained at interior points of these arcs and is greater 
than the upper bound of V(z) on C and G'. Further, the curve of 
maximum modulus in D has the same properties as the curve of max- 
imum modulus for the whole plane and the function V(r) is diffe- 
ren liable except at isolated points. In what follows we shall denote 
by Da domain between the two paths C and G' and exterior to a cir- 
cle |z] = U of sufficiently large radius to ensure that all the above 
conditions are satisfied for \z\ = r > K . 

We observe that if \ve make a transformation z = Z 11 , (u. an integer) 



12 CIIAPTEU V. 

and if D' is one of the connected domains derived from D by this 
transformation, then the transformation of F(z) is regular' in D' and 
on the finite part of its contour. V(r) is transformed- in to V(R 1 *) and 
0(r) in W/i*. 

Returning to the domain D and denoting by c k the upper bound of 
|F(z)| on C,G' and those arcs of the circle |z| = R which are parts 
oC the contour of D we have, by hypothesis, for r> R, 

V(r)>/f. 

Let r and r* be numbers such that R<V</* and z "a pohit'of, 
modulus r r for which lo& |F(zJ| is equal lo V(r'). z a is interior to D. 
Let D r be that part of D which is interior to the circle \z\ ^r. The 
maximum of |F(z)| in D r is attained on the circle |z|=/' and is 
equal to e v ( r \ and on that part of contour of D r interior to |z|^/* 
we have |F(z)|<?*. 

It is easy lo construct a function regular at interior points of the* 
circle |z| ^ r and on Ihe open arcs of Us circumference, both interior 
and exterior to D r , such that the modulus of the function is equal to 
# v ( r ) on the interior arcs and e k on the exterior arcs. For if re 1 * and 
re* are tvvp points of the circumference, these two arc the only cri- 
tical points of the function 

U(z, a, ft) = *' l(z - ")/(? - re*)]*', lU(o, a, p) = f '*-! 

of constant modulus on the two arcs defined by the two points. 
Moreover |U(z, a, {$)[, and its reciprocal are bounded in the circle. 
Taking 



the logarithm of |U| will be equal lo \(r)-+lc on one of the arcs 
and zero on the other. We can construct a product of such func- 
tions and, multiplying by e k , we obtain a function U(z) regular in 
the circle. Both |U(z)| and |i/U(z)| are bounded in the circle and 
|U(2)| is equal to e v ( r > oa the arcs interior to D f . and to e k on the ex- 
terior arcs. Applying corollary 33 to the function i/U(z) we see 
that in the circle |U(z)| is greater than or equal e k . 
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The function 



is regular in D r and on the contour except at the points of intersec- 
tion of \z\ =r \vith C and C', and its modulus is loss than or equal 
to i on the contour except at these points and is bounded in D,. 
Therefore by corollary 33 the modulus does not exceed i in l) r , and 
we have* 

(/')< log \V(z.)\. 

Now, from the mode of construction of U(z), weha\e 



log |U(*J| = k + ( V(r) - *)0(r, r') , 



where 



O f (;*, ;') denoting the sum of Ihc angles subtended at 2 by the arcs of 
the circle \z\=zr intercepted by D. 0(r, /') is a maximum when 
there is only one such arc of length 0(r) bisected by the radius 
through 2 , and an elementary geometrical calculation shews that 



0(r, r') <^ 2 arc tan tan 

Thus 



2 /r + r' /| \\ 

V(/- f ) fr < - ( V(r) *) arc Ian f -^ tan ( - 0(r) J J 



or 



r 

I 
L 



fr + '*' , 
( - ; t 
\r r' 



2 arc tan { ; tan . . 

f\ J J 

Suppose that r is a point at which V(,r) has a derivative and let 
-*/. Then 
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Had we made (lie transformation indicated at the outset we should 
have the same inequality with / replaced by IV 4 and 0(r) by 0(P |1 )/[jt. 
and the loft-hand side, multiplied by u. We have then, for all values 
of JL 



nutl, since Hie lell-bnnd side is independent of JA, wet mny" replace 
Ilic expression on Ihc rigbl by its lirfiil when u = oo. Tbns 



Integrating from II lo r, and bearing in mind that V(r) is an inde- 
finitely increasing function, we obtain Carleman's fundamental 
inequality, 



K being a finite number. 

In particular log M(r) ^ V(r) and must therefore satisfy this ine- 
quality, where 0(,/;) may be replaced by its maximum value XT;. 
Hence, when F(z) is bounded on two receding- paths and is unboun- 
ded in the intervening domain the inequality 



must be satisfied; and in particular, in order that there should exist a 
refediny path on which Y(z) is bounded the condition 



-> 



is necessary. 

It will be observed that the numbers occurring in these two ine- 
qualities are not the order, but, what we shall call the lower order 
(left-hand side of (5, 11)) and the lower order between C and C' 
(left-hand side of (5, 10)). A receding path on which F(z) is boun- 
ded will be said to be a path of finite indetermination. 
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The result may now be stated as follows : 

// there is to be a path of finite indeter initiation the tower order 
must be at least equal to I/-K*. 

Now suppose that there are p non-contiguous paths of finite inde- 
termination. That is to say that F(z) is unbounded in the interve- 
ning domains. Applying formula (5, 9) to these p intervening do- 
mains and adding we obtain the inequality 



since each function V(r) is loss than or equal to log M(r). The in* 
tegrand is the sum of the reciprocals of p numbers of sum at most 

an and is therefore at least equal (op . And so, substituting this 
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value we have 



^ logr ^ if ^5* 
The following proposition is now established : 

THEOREM 4o. That a function F(z) should have p non-contiguous 
paths of finite indetermination it is necessary that its lower order 
should be at least to 2/)/7tV In particular a function of order p has at 
most 5p distinct tracts and 5p distinct finite asymptotic values. 

In the same way we can shew that for a function to havep non- 
contiguous paths of finite indetermination in an infinite domain it 
is necessary that the lower order in this domain should be at least 
a(p -!)/. 
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CHAPTER VI 
Generalisations of Picard's theorem. 



Picard obtained his original result concerning the values which 
a uniform function assumes in the neighbourhood of an isolated 
essential singularity by the use of the elliptic modular function. 
We have seen in chapters III and IV that a direct investigation of the 
moduli of the zeros of such a function* leads to a result more com- 
plete than that discovered by Picard in the first instance. The first of 
these investigations was due to Borel, and later, Landau and Schottky, 
using the methods introduced by him, obtained generalisations of 
another kind. It has since been shewn by Caralheodory and Lindelof 
that, from this last point of view, the modular function is essential 
to the proof of the most complete results. In short the analytical 
weapon used by Picard is no mere technical convenience, but of 
fundamental importance in the theory. 

In this chapter we shall be principally concerned with functions 
regular in a certain circle in which they omit to assume two excep- 
tional values, say o and i . We shall then pass, by means of simple 
transformations, to the consideration of more general regions and 
applications to the theory of the functions F(z). Schottky and Lan- 
dau have shewn that a function <I>(z) regular in the circle |z|<r, in, 
which it does not assume the values o and i, has its modulus in 
this circle less than 



There are numerous deductions to be made from this. For ins- 
tance it follows immediately that Picard's theorem applies, to a func- 
tion regular in a circle in which its modulus is of sufficiently high 
order. A simple transformation by inversion leads to complemen- 
tary results about the functions F(z). 
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As a further consequence of Schottky's theorem we have the fact 
that any set of functions regular in a certain circle in which they 
omit to assume the values o and i constitutes what Montel has 
called a normal family. Thai is to say that from every sequence 
of these functions we can select another sequence converging uni- 
formly to a limiting function, which may be constant or infinite. 
Following Monlel we are able to deduce from this -certain properties 
of functions which arc regular in an angle in which they do not 
assume the values o and .1. From an investigation of the properties 
of the special family F(z<j") Julia has recently deduced a number 
of very remarkable results in this department of the subject. Some 
of the more important of these are discussed in the final section. 



I. THE SCHOTTKY-LANDAU THEOREM AND ITS DTRECT APPLICATIONS. 

1. The properties of the modular function. It is known that 
the Weierslrassian elliptic function p(i), of periods aw, and a<o f , sa- 
tisfies the differential equation 

(6, r) />"-=4/>- </,/'- 0,, 

where </ t and 3 are functions of w, and o> t , and the rr,tio g* Ig* 
depends only on the ratio of the periods io = M t /ti> t . We shall 
assume that the imaginary part of the complex number o> is positive, 
or l(oj)>o. This can always be brought about by changing the 
sign of one of the periods. The ratio g* jg* is unchanged by any 
substitution of the arithmetic modular group; that is to say if c*> is 
replaced by / = (aw -f b)/ (ca> 4- d), where a, 6, c, d are integers 
such that ad be = i . 
The modular function 



is thus also unchanged by any substitution of this group, and in 
particular 



THE MODULAR FUNCTION. 

This function can be easily expressed in terms of the variable 



We have in fact 
(6, ,) jr = J< w) = 



This expression shews that J(o>) is regular in the half-plane ll(<o)>o, 
corresponding to o< \q\ <C i]. 

It can be shewn that this function assumes every value once and 
once only in the fundamental region of the modular group 



-<iA(<o)<-, 

2 2 



This property enables us to invert the elliptic integral. 

The inverse function cu(y) of J(<o] is a multiform function with 
an infinity of branches. The only singularities of this function are 
the points o, 1,00; and l(w(y)) is always positive. 

Making the transformation 



the function v(x) = w(y) becomes equal lo the ratio of the two periods 
of the elliptic integral 

(6,3) f dzl\/z(zi)(z x). 

The singularities of v(x) are also the points 0,1,00 and I(v) is 
always positive. 

These properties of J(o>) and its inverse form the basis of our 
subsequent work and will be regarded as known. 

The expression of J(w) as a function of q shews that the point g=o 
is a simple pole and that the product ?J(c) is regular for \q\< i. 
Now 
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and so, if K is the maximum modulus of <yJ(oj) for \q\ = e~** t we 
have 

(a) |J( w )|<K* a * l) , (!()> i). 

It is easy to deduce from this a similar inequality for the modulus 
of J(<o) when I(<**)<C i. In fact equation (6, a) shews that the coef- 
ficients in the Laurent series for J(<o) expressed as a function off/, valid 
in the circle \q\ < i, are real and positive. J(u>) is therefore domi- 
nated by the function obtained on replacing q by \q\ ; that is to say 
by the function J (/!(<*>)). Hence 



Now if o<I(w)<i, then i/I(oj) is greater than i and applying 
inequality (a), we obtain the complementary inequality 



(b) | J(w)| < K" (O < I() < I). 

So, comparing (a) and (b), we have, for all w, (I((u)>o), 

[ ! <-) + inl 
(6,4) |J()|<K' ( . 

K has a determinate numerical value. This inequality is funda- 
mental in Landau's proof. 

We shall also have need of the following function-theory proposi- 
tion known as Schwarz's Lemma. It is an immediate consequence 
of theorem I. 

Let the- function <I>(z) be regular in the circle \z\ <r and zero at the 
origin. Suppose further that \*l*(z)\ is less than or equal to a num- 
ber M at all interior points of this circle. Now if z is an interior 
point of the circle we can find p such that \z \ < p < r. The function 
is regular in the circle |s| ^ p and on its circumference 
z| is less than M/p. Therefore, by Gauchy's theorem, 



But the function on the left is independent of p and is therefore 
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less than or equal to the limit, of the right-hand side for p = r. 
Thus, for all interior points of the circle \z\ <r, we have 

(6,5) |*(*)| MM, 

This is Schwarz's inequality. 



2. Picard's proof. Before proceeding to the proof 'of Landau's 
inequality we will shew how Picard's theorem can be deduced from 
a single property of the function w(y) (or v(#)) the property that 
a branch d(y)* of the function is capable of analytic continuation 
along any curve so long as the point y does not pass through any of 
the points o, i, o ; and the imaginary part is of constant sign. 

Consider an .integral Junction f(z) which does not assume the 
values o and i. Let 



be the expansion in series of a branch of the function o>(y) in the 
neighbourhood of the point y = /(o). If in this series we replace y 
by the function f(z) we obtain a function 



g(z) = rf(/(*) ) = A. 



regular in the neighbourhood of the origin. Now this function g(z) 
is an.integral function. For, as z recedes along a radius cp = constant, 
y=f(z) does not assume the values o, i, oo; t5(y) can be continued 
analytically and so we encounter no singularity of g(z). Moreover 
the imaginary part of g(z) is always positive and this, as we saw 
in (ll, i) implies that g(z) is a constant. Therefore /(z) is also 
constant, and Picard's original theorem is proved viz : 

An integral function which omits to assume two exceptional values 
reduces to a constant. 



3. Landau's inequality. Consider a function 
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regular in the circle \z\ < r, in which it omits to assume the values 
o and i. Let 



be the expansion of a branch of <o(y) in the neighbourhood of c . 
The preceding argument shews once more that the function 

g(z) = GJ(*(*)) = A. + A 4 c 4 z + 



is regular in the circle \z\ < r. On the other hand we know that 
the imaginary part of </(z), and therefore of A , is positive. Now 
write 



&; ~ g~(z) - a + ifo f (z) + 6J 

where g t (z), yfc) are the real and imaginary parts of g(z), a and /> 
the real and imaginary parts of A , and A/ the conjugate of A . 
Now g % (z) -h ^ a is positive, and so h(z) is regular in the circle |<r| <r t 
since the denominator does not vanish. We see further that \h(z)\<i 
and that h(o) = o. Hence, writing 

h(z) = ue'*, 
we have throughout the circle, by Schwarz's lemma, 



Now 

_ A;*(Z) A. _ . i_ 



and, equating imaginary parts, this leads to 



I -f M" 3UCOS'}' 

The coefficient of 6 is clearly a minimum when cos ]/ = i 
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I II 



and a maximum when cos <& = i. Its value thus lies between 

T 



i -He 



and - ; or, since tt<O between -(i it) and 2/(i it). Thus, 
i u a 

in virtue of the inequality for a, we have 



But fy(z) is equal lo J((/()), since J(co) is the inverse of u>(v). 
Therefore, by (6, 4), 



Replacing l(g(z)) and [1(0(2) )]"' by their upper bounds we ob- 
tain the inequality 

log |Kz)| < 4* (b, + ) ^^1-+ log K. 

A fortiori, since r>r |z|, 

(6.6) iog|K*)|< y .(*(o)) ^-5. 

r |^| 

where 

(6.7) z (x) = fa [i ( () ) + I( J (a?)) ] 4- log K . 

In fact Vve have the following theorem due to Landau : 

THEOREM 4i- If the function <l>(z) is regular in the circle \z\ <O % 
in which it omits to assume the values o and i , then its modulus satis- 
fies the inequality (6, 6) at all interior points of the circle. 

There is an immediate deduction from this theorem concerning 
functions which are regular and of order greater than unity in a given 
circle. We must first define what we mean by the order of such 
a function. We shall say that a function <!>(*), regular in the unit 
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circle \z\ < i, is of order p in this circle when Us maximum modulus 
M(r), (r<i), satisfies the equation 



(6i8) 



log(i r) 



We shall shew that Picard's theorem holds for these functions of 
order greater than unity also. The proposition may be precisely 
slated as follows : 

Any function <I>(z) reyular in the unit circle and whose maximum 
modulus satisfies the condition 

(6, 9) lim (i r) log M(r) = + oo 



r=i 



assumes every value, with one possible exception, an infinite number of 
times in the circle. 

For let us suppose that there are two exceptional values o and i. 
We can then draw a circle \z\ = o such that the annulus o ^ \z\ << i 
is free from zeros of the functions <J*(z) and <I>(2) i. Consider a 



circle 1\ \z\ = o 4- - (*i 8). <I>(z) is continuous on the circumference 



of this circle and does not assume the values o and i. So 
is continuous and its imaginary part has a determinate maximum 
arid minimum. The function /[<!>()] has therefore a finite upper 
bound /i on the circumference of l\ Now let z be any point of the cir- 

cumference of I 1 . The circle of centre z 9 and radius - (i o) is free 
from zeros of <I>(z) and fy(z) i, and so we have 



In particular we see that at all points on the circle \z\ ~ r'>o H 
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and 



which contradicts our hypothesis (6, 9). 
The theorem is therefore proved. 
The example 



serves to shew that where condition (6, 9) is not fulfilled there may 
actually be an infinity of exceptional values. Writing z = re** t we 
have 

log[<J>(2:)| = (i rcosO)/(i -f /* arcosO), 

and, for a given value of r, this varies between i/(i-f-r)and i/(i r); 
so that for all values of r between o and \ it varies between i /a and 
-foo, and the function <I>(z) does not assume any val le of modulus 
less than \Je . 

4. Applications to the functions of the class F(z). We consider 
a function F(z) having an essential singularity at the origin and we 
assume that the order p is greater than i/a. It is proposed to make 
a study of the values of this function in an angle subtended at the 
origin; that is to say in a domain in which the- argument of z is con- 
fined between two given numbers, while the modulus r is suffi- 
ciently small lo ensure that the function shall be regular in the do- 
main. Let A denote the angle a< <p<P (cp = argz), and M(r, A) 
the maximum modulus of F(z) on the arc of the circle |z| = r in- 
tercepted by A. Then the order of F(z) in A is defined to be 

lo g .M(r,A) 
r= log r 

Since F(z) is of order p at the essential singularity at the origin 
there is slearly at least one angle of given magnitude y <27r in 
which F(z) is of order p . 

Given e such that f- < STC let A be a small angle in which 
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(z) is of order o and let A be an angle containing A and of magni- 

tude he. H can be shewn that F(z) assumes every value, with 

P 
one possible exception, an infinity of times in the angle A . 

We may suppose that the positive real axis bisects the angle A in- 

ternally. The substitution z = Z P , T$ = -- h e where Z ? is real on 

P 
the positive real axis, transforms the angle A into the half-plane A' 

to the right of the imaginary axis and F(z) into a function f>(Z) re- 
gular in this half-plane (for |Z|<R ). <!>(/) is a fortiori regular in 
a circle F in this half-plane with the imaginary axis as its tangent 
through the origin. We may suppose that this circle is of radius 
unity. <I>(Z) is regular in A' and its only singularity on the circumfe- 
rence is at the origin. Now the angle A has been transformed into 
an angle A' in the half-plane A' and in this angle <!>(/) is of order 
pfi> i. If P is a point of A' interior to F the ratio of its distances 
from the origin and the circumference remains between two fixed 
numbers, K and i/K, provided both these distances are sufficiently 
small. Now let Z' be a point of the arc |Z| = R intercepted by A', at 
which <I>(Z) attains its maximum M(R, A'). The distance from this 
point to the circumference of F is at least equal to R/K. Therefore 

> 

if we draw a circle of radius i concentric with F Ihe maxi- 

IV. 

murn modulus of <I>(Z) in this circle, which we shall denote by 

M f ~~ ' r ' is not lcss lhan M ^ R ' A )' or 



Hence 

^ ^.M(^n >n ^lo g .M(R.A') 

u:=i log (l X) ^ R=:o log R ^ n 

^(Z) is thus of order greater lhan i in the circle F and therefore 
assumes every value, with one possible exception, in this circle. A 
fortiori the same i? true of F(z) in the angle A, and we have the 
following result : 

THEOREM /ia. A function F(z) of order p > i/a assumes every 
value, with one possible exception, an injinily of limes in any angle of 
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magnitude greater than rc/p, in the interior of which the function is oj 
order p |t (i/a< 



The statement that a function F(z) is of order p ( in the interior of 
a certain angle is defined to mean that this angle contains another in 
which (z) fs of order p f . 

In particular in the case of functions of infinite order there is al- 
ways at least one angle of arbitrarily small magnitude in which the 
function assumes every value, with only one possible exception. In 
general these angles are to be found by searching for those directions 
in the plane in which the function is effectively of infinite order. 
Thus a function *of infinite order with positive teal coefficients as- 
sumes every value, save possibly one exceptional value, in any angle 
containing the positive real^xis. 

A simple deduction from the results erf chapter V is the following : 
a function of order p > 1/2 is of order p in the interior of any angle 

of magnitude greater than n( 2 -- J 

Suppose the proposition false. Then in the domain exterior to the 
angle A defined by 



w<(ap + )<* 
and on the bounding radii, F(z) is of order ?,<.? So the product 



tends to zero on the bounding radii of the angle A and is of order c 
inside it. Therefore, by Phragmen's theorem 34, this product is 
bounded in A and it follows that F(z) is of order less than p in the 
whole plane, which is contrary to hypothesis. 

This last .result, together with that of theorem f\i, enables us to 
prove a result due to Bieberbach. 

Consider first the case of a function F(z) of order p^- 1. In every 

it 
angle of magnitude arc --- H, F(z) is of order p, and there is an 

P 
angle A interior to this one in which F(z) is of order p . Now theo- 

rem 43 holds in any angle of magnitude -- he containing A. But, 

P 
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since hi is not greater than air ? + e, this latter angle satis- 

P P 

fies the necessary condition, so that in it F(z) assumes every value, 

with one possible exception, an infinity of times. 

If p lies between i/n and i (or is equal to i) every angle of magni- 
tude + e, greater than or equal to ait j- e, is an angle in 

P 

which F(z) is of order p and, by theorem l\i, V(z) assumes every 

value, with not more than one exception, an infinity of times id 
such an angle. These two results together constitute Bierberbach's 
theorem : 

THEOREM 43. A function F(z) of order p, greater than i /a, assumes 
every value, with one possible exception, yn infinity of times in any 

angle of magnitude greater than arc if p ^ i, and in any angle 

P 

of /nagnitude greater than if p >^ i . 

P 

It is clear that in this case, as in that of theorem 4?, the exceptional 
value is not necessarily the same for every angle in the plane. 



II. NORMAL FAMILIES OF REGULAR JUNCTIONS. 



5. Families of regular functions. Monte 1 has obtained interes- 
ting results concerning sets of functions defined in a simply or mul- 
tiply connected domain D bounded by one or more cohlours, which 
we shall suppose to be made up of arcs of simple curves (in applications 
we shall only have to deal with straight lines and circular arcs). 
The theory of such sets of functions is to be our next topic. 

A set or family of functions, regular in such a domain D, is said 
to be bounded in the aggregate in the domain D when in every closed 
region D', completely interior to D, the modulus of every function 
of the family is less than a fixed number MD'. 

THEOREM 44. From every sequence of regular functions bounded 
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in the aggregate in a domain D it is possible to select a sequence of 
functions uniformly convergent in D. 

A sequence of functions will be said to be uniformly convergent 
in a domain D when it is uniformly convergent in every closed region 
interior to D. By theorem 5 its limit function is regular in D. 

We first prove the theorem in the particular case in which the 
domain I) is a circle. 

Let 

*.(*). *.(*), ..... , *(*), ..... 

be a sequence of functions regular and bounded in the aggregate in 
a circle \z\ ^ r and on the circumference. Let *M be the upper 
bound of the modulus. We have 

*<) = ." + ,"*+ +,:'+... 
and, by Cauchy's inequality (i, 4), 
(6,9) Ic/ 



for all values of n and p. Hence, for all values of /i, the modulus 
of the remainder 



of 4> H (?) is less than 
(6, 10) 



in the circle \z\ ^ p < r. 

Now the sequence c 9 , c s , . . . , c ", . . . has one or more limiting 
points. Let c 9 ' be such a limit. , Clearly, by (6, 9), 

K'l < M 

and there is a sequence of numbers 

nj n* "o 
l o > c o > > c o 

selected from the sequence |c "(, lending to c 9 '. If f/ is a limit of 
the sequence {O**} (9 = i. a, 3, . . . ), then, by (6, 9), 
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and there will be a sequence JO'I* selected from {c/ 101 j, wilh c/ 
as its sole limit. Proceeding in this way, if the sequence j^Vj con- 
verges to c f ' we select from the sequence j c^ t V j a subsequence 
\c "PM ( converging to a limit c' f+t , whose modulus does not 
exceed M/r 1 "" 1 . VVe thus obtain a sequence 



such that 
The function 



= v C ' p 



will be regular in the circle \z\ < r and the modulus of its remainder 
W p (*) will not exceed the expression (0, 10). \\e assert that the 
sequence of functions. 



*<*> ** ....... **<> 



converges to <J>(z) uniformly in every circle \z\ ^ p < r. By cons- 
truction the first P coefficients (P < q) of <I>n9(z) belong to the sequen- 
ces whose respective limits are the first P numbers c p ' and their 
ranks in these sequences are. at least q P. Therefore, P being 
fixed, the difference 



tends uniformly to zero in the circle U| ^ p as g tends to infinity. 
Moreover, since the two remainders |Rp(z)| and |Rp n (2:)| are neither 
of them greater than the expression (6, 10), we can choose P so that 
they are as small as we please for all values of n q q and all points in 
the circle \z\ ^ p. Uniform convergence in this circle is thus esta- 
blished. 



(*) Certain or all of the numbers c' p may be zero. As for example, if 

,(;)= i/n(i *). 
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Now consider a finite domain D and a region D, interior to D. 
Every f>oint of the contour of D, is the centre of a circle lying enti- 
rely inside D. {Similarly for every interior point of D 4 . We can the- 
refore find (Heine-Borel theorem) a finite set of circles F,, I\, ..., T p , 
all interior to D and such that every point of D 4 is also an interior point 
of one of them. Moreover every circle F ff may he regarded as inte- 
rior to a concentric circle iy, itself interior to 1). The result we 
have just proved holds good in the circle iy. We can thus select 
from the- sequence of functions *I* n (z) a partial sequence S 4 uniformly 
convergent in the closed circle 1\. From 8, we can select another 
partial sequence S, uniformly convergent in the closed circle I\. 
It is clear that S 4 is uniformly convergent in hoth the circles l\ 
and 1\. In this way we obtain after p operations a sequence S p 
uniformly convergent in all the circles 1^. and so in the region 
covered by them. S /; is therefore uniformly convergent in D 4 . 

Now let us consider a sequence of regions D 4 , D t , . . ., D p , . . . 
aril interior to D and each interior to its successor in the sequence 
and such that D p tends to D. We ha\e seen that there is a partial 
sequence S/, selected from a given sequence, uniformly convergent 
in D f . From this sequence we can select another S t f uniformly 
convergent in D, arid so on. *Fhe sequence obtained by taking the 
first function in S/, then the second in S t ', and so on, will be con- 
vergent in the whole domain D; that is to say in every region D' 
interior to D. For we can choose p so that IV shall be interior to D p . 

Mon lei's theorem is thus completely established. 



6. Normal families of regular functions. A family of functions 
regular in a domain D is said io be normal when from every sequence 
of functions of the family it is iwssible to select a partial sequence 
converging uniformly in the domain D to a limiting function, or to a 
constant, which may be infinite. 

A family is said to be normal at an interior point of D when this 
point is the centre of a circle, lying entirely inside D, in which the 
family is normal. 

A family which is normal in a domain is plainly normal at every 
point of the domain. Conversely, as may be proved by precisely 
the same argument as was used in the second part of the proojf of 
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Montel's theorem, a family which is normal at every point of a 
domain is normal in the domain. 

It follows that if a family of functions is not normal in a certain 
domain, then that domain contains at least one point at which the 
family is not normal. That is to say there is a point P such that 
in every circle of centre Plying in the domain at least one sequence 
of functions of the family is not normal. 

By theorem f\l\ a family of functions regular and bounded in the 
aggregate in a domain D is normal in Ihis domain, It is clear that 
in this case the limit of a convergent sequence of functions of the 
family is either a regular function or a finite constant. 

THEOREM 45. // the functions of a family normal in a domain D 
are uniformly bounded at an interior point of D (that is to say that 
at a point z of D the moduli of these functions are less than a fixed 
number M(z )), then the functions of the family are hounded in the 
aggregate in D. 

In the first place the limit of a convergent sequence of functions 
of the family is either a function regular in D or, since the value of 
the limiting function is finite at z , a finite constant. Suppose that 
in a region D r interior to D the functions of the family are not 
bounded in the aggregate; that is to say that there is a sequence of 
functions *b u (z), belonging to the family, such that the maximum 
modulus of <I> M (2) in D' tends to infinity with n. From this sequence 
we can select another converging uniformly to a limit in a region D" 
containing D' iir its interior. The limiting function of this partial 
sequence cannot be infinity and is therefore bounded on the contour 
of D'. The maximum modulus of the functions of the sequence 
convergent on the contour of D f must therefore also be bounded. 
But this is contrary to our hypothesis, and so proves the theorem. 



7. Families of functions omitting to assume the values o and 1 
in a domain. Consider the set of functions regular in the circle 
|:| < i and omitting to assume two exceptional values, say o and i , 
in this circle. This sef of functions is a normal family. To prove 
this let us consider a sequence <J\(c), *(), . . . , l l\(z)> ... of func- 
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tioas of the family. There are now two possibilities. Either the 
sequence j<f> n (o)[ has at least one limit different from o, i and <*>, 
or it has not. Consider the first case, and let a be the limit in 
question. There is a sequence j<I\(2)j selected from |$ B (z)| such 
that | <I\(o)| tends tt> a. The sequence of numbers x(3\(o)) figu- 
ring in Landau's inequality will be bounded, since their limit is y(a). 
The functions <I\(z) will therefore be bounded in the aggregate in 
the circle |z|<i, and, -for |z|^/*<i we have 



Let us now turn to the second case. The sequence of functions 
!<!>() j is then such that the only possible limiting values of the 
sequence j<I>,,()j are > l anc * - Suppose that o is a limiting 
value and let | *\** q (z) j be a partial sequence such that j <I\(o) j 
tends to o. The sequence of functions 



where the particular determination of the square-root is arbitrary, 
is again a sequence of functions regular in the unit circle, since 
4>n 9 (z) does not vanish. These functions *V* q (z) omit the values o 
and i in the circle, for they can only be equal to o or to i if ( K,(z) 
assumes the value i. Moreover the sequence | ^n g (o) j tends to the 
limit 1/2. So, by the preceding argument, the functions W nq (z) are 
bounded in the aggregate in the circle. But 



and the functions <bn q (z) are therefore also bounded in the aggregate 
in the unit circle. 

If the limit of the sequence <t\(o) is i instead of o, the same 
argument applies, with { l*n q (z) i in place of *bn q (z). 

Thus in the three cases so far considered it is possible 1o select 
from the sequence | Q* H (z) j another sequence of functions bounded 
in the aggregate and therefore normal. 

It remains to examine the case where the sole limiting value of 
the sequence j < w (o) j is oo . 
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Consider the sequence of functions 

*.(*)= !/*(*), 

regular in the circle, since *l\(z) does not vanish, and omitting to 
assume the values o and i. The sequence }V w (o)j tends to zero. 
The functions ^(i) are therefore hounded in the aggregate in the 
circle arid we can select a sequence of functions j ^n g (z)^ converging 
uniformly in the circle lo a limiting function W(z). This function 
is identically zero. For suppose that it is not. The equation 



shews that the sequence of functions 4\0) also converges uniformly 
on the circumference of a circle \z\ = /'< i on which there are no 
zeros of T(z). Hence, by Weierslrass' theorem 5, this sequence con- 
verges uniformly in this circle |z|</' and its limit is a function 
regular in the circle. Therefore \ 't\(o) { cannot lend lo oo . But 
this is contrary lo our hypothesis. It follows therefore that W(z) 
is zero, the sequence I\(^) converges uniformly to infinil) and the 
sequence <fr u (z) is normal. 

Thus every sequence of functions <b H (z) regular and different from 
o and i in the unit circle has the following properly : it is possible 
lo select from it a sequence uniformly convergent in the circle. 
The family of functions regular and omitting to assume the values 
o and i in the unit circle is in fact normal. 

Since a family normal at all points of a domain is normal in the 
domain this result can be extended to a general domain D of the 
form considered above. We have then : 

THEOREM 46. Every family of functions regular and omitting to 
assume two exceptional values in a connected domain D 'is a normal 
family in the domain. 

One important observation is suggested by the foregoing proof. 
We saw that if we consider a sequence of functions j^/z) J belon- 
ging to the family and if the values *b u (z 9 ) of these functions at the 
point z u tend to infinity, then every convergent sequence selected* 
from the sequence j <l> n (z) \ has infinity as its limit. We are able to 
prove the following general proposition. 
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COROLLARY 46. //, given a sequence of fane I Ions *V H (z) normal 
in a domain D, there exists a region D' interior to D in which the sole 
limit, as n lends to infinity, of the maximum modulus oj !*,/), is infi- 
nity, then the sequence of functions <!>,/) converges uniformly to in- 
finity throughout the domain D . 

In the first place, at every point z tf of D' the sequence of 
numbers 'I^fo) has the point at infinity as its sole limiting point. 
For if there were another limit we could select from the sequence 
| C K(2) { a partial sequence j'ly/lOf of functions uniformly boun- 
ded at z u and, this sequence being normal, the functions 'K^z), would 
be hounded in .the aggregate in 1) (theorem 4~>) and their maximum 
modulus would be bounded on the contour of D', which is contrary 
to hypothesis. The numbers 'l',^) therefore lend to infinity and it 
follows that every convergent sequence selected from the sequence 
j'l^Ujj converges uniformly to infinity. We Can assert that in any 
region D" interior to 1) the minimum modulus of the functions *1\(2) 
of any sequence selected from J'I\(~)j is unbounded. For as we 
have just seen, we can select from the sequence ) c l\(*){ a partial se- 
quence converging uniformly to infinity in D, and therefore in D ff . 
Therefore the sequence J '1^-) j itself converges to infinity uniformly 
in D. This proves the theorem. 



8. Application to the functions F(J). Let us consider a func- 
tion I(c) regular in the interior of a sector A defined by the inequa- 
lities 



o< r< R 



, 



where / and -j denote Hie modulus arid argument of r, and suppose 
that <I>(c) omits to assume the values o and i in this sector. It is 
proposed to investigate the behaviour of <I>(r) as z approaches the 
origin by certain paths in the sector. 

Let H be a number less than H , e a number less than ,6/a and D, 
the closed region defined by the inequalities 

c, -R<r<R. 
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There is always a domain D/ interior to A and containing D 4 . Let 
z be a point of the domain D/. Then the functions of the sequence 



*<*> *(T) ....... *() 



are regular in the domain D/ just mentioned, <I> M (j) = I> ( -^ ) being 
the value of *\>(z) when z lies in the domain D' /t deduced from D/ by 
the transformation ( z t ^J, and a fortiori in the region D /t defined 

by 

R R 



which are both parts of the sector A . The study of <I>(e) in the neigh- 
bourhood of .the origin is thus reduced to that of the sequence <\* H (z) 
in the closed region D 4 . Now since the function <l>(z) omits the va- 
lues o and i in A the sequence j 4 !*,^)! * s normal in the domain D f * 
containing D,. 

Let OL be a straight line, c& = constant, in A. We can choose 
so that the regions D lt of the sequence intercept OL. Let d denote 
the interval on OL interior to D/. 

Now suppose that <I>(z) remains bounded as z approaches the ori- 
gin along OL. The functions & H (z) are then uniformly bounded 
on d, whence it follows by theorem 45 that they are bounded IL the 
aggregate in D/. Their modulus is thus less than some fixed num- 
ber at every point of D . Therefore, since E is arbitrary, <I>(z) is 
bounded in every sector interior to A . 

Precisely the same argument, where we consider i /<!>(;:), or 
i/[I>(z) i] suffices to shew that if <I>(z) or <I>(z) i is always 
greater than some fixed positive number on L , then this property 
holds (with another positive number) in every sector interior to A . 

Suppose that on OL <I>(z) tends to a finite limit a. The func- 
tions <l> H (z) tend to a uniformly in the interval d. Therefore a is the 
limit of every convergent partial sequence selected from the sequence 
<!> tt (2). It follows that the function* <l* H (z) converge uniformly to a 
throughout the region D, . For suppose this assertion false. We can 
then find a partial sequence |fyi,(2)j, selected from this sequence 
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of functions $ n (), such that the maximum modulus of (<I\(z) &) 
on the contourof the region D, remains greater than a fixed number. 
Now from this sequence J3\(z)j w can select a partial sequence 
\*bn', l (z) \ converging to a uniformly in D, and therefore on the con- 
tour of D t , which is contrary to hypothesis. We thus see that the se- 
quence of functions. <b H (z) converges to a uniformly as z approaches 
the origin by a path in any sector interior to A . 

In virtue of corollary 46, if |<I>(2)| lends to o as z approaches the 
origin by a path interior to a certain sector insjde A, then this pro- 
perty holds uniformly in any sector inside A. The same result is 
true if <b(z) tends to either of the exceptional values o or i. 

These results,* due in part to Lindelof and in part to Montel, are 
collected in the following theorem : 

THEOREM 47. V(z) is a function with an isolated essential singula- 
rity at infinity and omits to assume the values a and b y a 4= b, in an 
angle A, a<'f <P, subtended at the origin. We then have the fol- 
lowing results. 

(i) If Y(z) is bounded on a straight line, cp = constant, interior to A, 
tfien it is bounded in every angle interior to A ; if an angle interior to A 
contains a path of determination oo, then F(z) tends to infinity uni- 
formly in every angle interior to A . // F(z) a or (z) b is 
greater than a fixed number on a straight line or fends to zero along 
some path, Inen these properties hold uniformly in any angle interior 
to A. 

(ii) // F(z) tends to a limit along a receding rectilinear path, 
v = constant, inside A, then it lends to this limit uniformly in every 
angle interior to A 

This proposition enables us in certain cases to find angular domains 
in which F(e) assumes every value, with only one possible excep- 
tion, an infinity of times. 

Suppose for example that F(z) is bounded on a rectilinear path OL, 
which we may regard as coinciding with the positive real axis. Then 
we assert that there is an angle subtended at the origin, of arbitrarily 
small magnitude e, in which V(z) asstfmes every value, with one possi- 
ble exception, an infinity of times. 
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Suppose the contrary to be the case. Then in every angle of magni- 
tude e there are at least two exceptional values which (z) does not 
assume for r> RA . Choose n such that ns. is greater than 4^ and di- 
vide the plane up into n equal sectors with the origin as their com- 
mon vertex. Let OL f , OL 4 , ...,OL M , be the dividing radii of the 
sectors and let OL, coincide with the positive real axis OX. The 
radii are numbered in the order in which we meet them in making 
a circuit round the origin in the positive sense. Let A p be. the do- 
main bounded by OL p and OL pM and outside the circle ]z|>R'. 
The number n has been chosen so that the domain formed by two 
adjacent sectors lies inside a sector of magnitude less than e. Now 
consider the domain formed by the junction of the two sectors A w 
and A,. This domain is interior to an angle of magnitude less than 5, 
which is therefore one in which F(r) omits to assume two excep- 
tional values, provided \z\ > IV (IV being sufficiently large). Since 
Y(z) is bounded on OL t it is bounded throughout A t , A,, and on OL t 
and OL tt . Applying the same argument to A and A, we see that F(z) 
is bounded in A s and on ()L S , and so on. F(<r) is thus bounded 
in each sector and on its bounding radii, and therefore in the whole 
plane exterior to the circle \z\ > IV. But this is impossible. Our 
proposition that there is at least one angle of magnitude e in which 
F(v) assumes every value* save possibly one exceptional value, an in- 
finity of times, is therefore proved. 



III. SOME THEOREMS DUE TO Jl'LlA. 

9. The family of functions V(za H ). Let the function V(z) be 
regular in the domain exterior to a circle |c| > H except at infinity 
where it has an essential singularity, and let <r bo a number of mo- 
dulus greater than i . We proceed to consider the sequence of 
functions 

F.(=) = V(z*'). 
They are all regular in the domuin exterior lo a circle \z\ > R, (ex- 
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cept at infinity) and the values of the functions n (z) in the annular 
region C , defined by 



are equal lo the values of F(z) in the annular regions C tt> defined by 



These annuli together cover the whole plane exterior to the circle 
\z\ = R 4 and we shall seek, by investigating the sequence of functions 
F,/2) in C, to obtain results concerning the values of (z) in the 
whole plane. The functions F /t (z) are regular in an annular domain 
C' containing C. The maximum modulus of F B (z) in C tends to in- 
finity with n, since it is equal to the maximum modulus of Y(z) in 
the circle \z\ < R.H" 1 "*. It follows that if the family n (z) is a 
normal family, then the functions F M (z) tend uniformly to infinity 
in the closed annular region C (Corollary 46), 

But the functions V H (z) cannot tend uniformly to infinity. For if 
this were so the modulus of F(z) would always exceed a given num- 
ber outside a certain circle \z\ ^ r. But lhi stands in contradiction 
with Weierstrass theorem (theorem 4). 

The family of functions Y(z) is therefore not normal in C'. There 
is thus at least one point P in this annulus at which the family is 
not normal. But C' is any annular domain containing. C, and it fol- 
lows that there is at least one point z 9 of C, (z may be on one of the 
bounding circles) at which the sequence F H (z) is not normal. 

Let F be a circle ^of centre z 9 and arbitrarily small radius d. In 
this circle the family F tt (z) is not normal. Now suppose that there 
are two values a and 6 which are assumed only a finite number of 
times in the circle by the sequence of functions F M (z). Then from 
every sequence selected from JF w (z)| we can select another sequence 
of functions which do not assume the values a and b. The family 
H (z) wilt then be normal, by Montel's theorem 46. But this is a 
contradiction and it follows that the functions F n (z) assume every 
value in the circle, save possibly a single exceptional value a* . 

It follows that if P is the circle of centre z <r" and radius d\a\ n 
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the function F(z) assumes every value, wilh only one possible excep- 
tion flj , an infinity of limes HI the sequence of circles I\. 

Wd may therefore state the following proposition in completion of 
Picard's theorem : 

THROREM 48. If the function (z) has an isolated essential singu- 
larity at infinity and if a it a number of modulus greater than i , there 
is at least one point z with the fol/owing property : d being an arbi- 
trary positive number , Y(z) assumes every value, save possibly a single 
exceptional value a 2o , an infinity of times in the sequence of circles F n 
described about the centres -z^ n with radii d |<r| M . 

The exceptional value, if it exists, is independent of the radius of 
the circle 1\ There are, in fact, two possibilities : either there is no 
exceptional value, however small d may be; or else, for a certain va- 
lue of </, there is an exceptional value a- Q . In the second case we may 
replace T by a circle of radius less lhan d and it is clear that in this 
circle the functions F M (?) still assume the value a Zo a finite number 
of times only. This is therefore still the exceptional value. It is 
possible however that there may be an exceptional value for e/<3 
and none for rf>o. 

Let a be a number different from the exceptional value a* , if il 
exists, and let .d t , d t , . . ., d p , . . . be a sequence of numbers tending 
to zero, and S p the sequence of circles iy of radii dplerp and centres 
z s*. Whatever value p may have the function F(z) a has an infi- 
nity of zeros -in the sequence of circles S p . Denote by F a circle of 
the sequence S, containing a zero z t a of F(z) a, and by F* a circle 
of S t containing another zero z t a of F(z) a, and so on. The radius 
of the circle J" p obtained after p operations is d p \<s\ n p and its centre 
z Q Q n p\ and so we see that the ratio 



tends to i asp tends to infinity. 

The sequence of points z^ n approaches asymptotically to an infinite 
sequence of zeros of F(z), a, for all values of a differing from the 
exceptional value a* . 

It is clear that if there is a value a v exceptional P, then a tQ is 
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equal to a . But in that case the result of chapter IV is more precise 
than the one just proved. 



10. The set of points at which the family HFXz?") is not normal. 
Theorem 48 applies to every point z 9 of the annuliis C al which 
the family j F H (z)\ ' s not normal. The dependence of the points z 
on the annulus C is only apparent. If R,<J (or K f /<r) is substituted 
for R t , z 9 is transformed into zjs (or zj<s). The set of points E(<J) 
at which the sequence F w (z), (/i>p if \z\ < R|<j|~ p ), is not normal, is 
therefore invariant for the substitution (z, z<s) so that we might res- 
trict ourselves, as we have done hitherto, to a consideration of that 
part of the set lying in a single annular region of breadth |?|. 

E(<J) w a closed set. This is its only general property, and it fol- 
lows from the delinition of the points at which the family is normal. 
These points are not isolated, for each one can be enclosed in a circle 
of positive radius in which the family is once more normal* The 
points at which the family is normal therefore constitute domains 
and it follows that a limiting point of non-normal points cannot be 
a normal point. 

There may be only one point of E(aJ in an annulus C. Let us 
consider the integral function of zero order defined by 



Since n(r) is less than K logr, this function satisfies condition (5,6). 
It follows from theorem 38 that each zero <r' w can be surrounded 
by a circle of- radius e(ft)|<r'| M , where e(n) tends to zero with i/n, 
and that outside these circles the modulus of f(z) tends to infinity 
as |z| -> oo . Put <r = a' and let C be the annular region defined 
by I*! 1 ?* >^ \z\ ^ |s| 3/a ; the modulus of f H (z) =/(z<i w ) increases 
indefinitely with n for all points of C exterior to any small circle 
of centre <j. The sequence f n (z) therefore tends uniformly to infi- 
nity throughout d save at the point *, which is consequently the 
only point of C belonging to E(<r). 
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//, however, there is an exceptional value a* which is only assumed 
a finite, number nf limes in a circle P, of centre z 9 and radius d, by the 
sequence } F rt (r) j, then I his point 2 of E(<r) is certainly not isolated. 

For suppose that z a is an isolated point of E(<i). The sequence 
j F w (z) j will then be normal in a circle F of centre z and radius 
5, (o<(/), except at the point Z itself. Therefore from every sequence 
of functions F tt (z) a? 9 we can select a partial sequence uniformly 
convergent in T , except at z 9 . But if such a sequence has for 
limit in P* , except at z , a regular function or finite constant, then 
it converges uniformly on Ihe circumference of a circle concentric 
with and interior to T, and therefore, by Weierstrass* theorem 5, 
throughout this circle. Similary, if the limit of the sequence is infi- 
nity, that of the corresponding sequence of functions i/(F tt (z) a.-.), 
which, by hypothesis, are regular if n > t\, is zero and, for the 
same reason, this sequence converges uniformly to zero in a circle 
of centre z . Thus the sequence of functions F M (s) ^/converges 
uniformly to infinity in a circle about c . So in every case uniform 
convergence in the neighbourhood of z implies convergence at the 
point z^ itself. The sequence F tt (z) cannot be normal in the neigh- 
bourhood of Z Q without being normal at z . Thus the point Z Q 
of E(?) cannot be isolated. 

In particular this is true for all the points of E(<r) when F(z) has a 
value exceptional P. 

When the function F(z) is exceptional P we see that E(<J) is a 
perfect set (closed and dense in itself). 

Whenever F(z) has a path of finite inde termination (and a fortiori 
a path of finite determination, or a value exceptional P), then 
there is a continuous set belonging to E(<J) ; or more precisely, there is 
at least one point of E(d) on every curve surrounding the origin. 

Consider a simple curve C surrounding the origin and let D be 
a domain containing G (for instance D might be the domain swept 
through by a small circle whose centre described C). Now the 
maximum modulus of V n (z) in D tends to infinity, so that the 
family |F M (z)j can only be normal in D if the sequence | n (z) j 
tends uniformly to infinity. But, since E(z) is bounded on a cer- 
tain receding path, every function H (z) is less in modulus than a 
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number K, independent of n, in at least one point of C. Hence the 
functions F n (z) cannot lend to infinity. There is then at Jeast one 
point of I) at which the family, j F w (z)j is not normal. But the 
domain D is purely arbitrary so long as it contains C, and it follows 
that there is at least one point P of C at which the family is not 
normal. 

That Ihe set E(<i) may comprise certain continuous curves is shewn 
at once by quite trivial examples. For instance, if we lako./(j) = e* 
and c real and positive, then Ihe sequence j/ w (~)j converges uni- 
formly to zero in the domain to the left of the imaginary axis and to 
infinity in the domain to the right. The sequence is therefore not 
normal at points of the imaginary axis. For in a circle with its centre 
on this axis every sequence of functions f n (z) converges to infinity 
in the right-hand scmi-cercle and to zero in the left-hand semi-circle. 
Here the set E(*y) consists of the points of the imaginary axis. 

Finally it is" clear that the set E(<J) is quite definitely dependent 
on the value of <y. A closer study of the function <ror of the function 
of zero order employed above will disclose changes in the constitu- 
tion of E(<J) following changes in c. 



11. Some generalisations. Consider a function F(z) which 
assumes the value o an infinity of limes (if o is a value excep- 
tional P or B we replace F(z) by F(z) a). From the sequence 
| a n | of the zeros of F(z) we can always select another sequence 



such that, r np being the modulus of a np , 

(6, u) lim^s = A">i 

J^ r "p 

Now consider the sequence of functions 



in the annular region D, i o <$ \z\ ^ i -f o . As in paragraph 9, 
the only possible limiting value for a sequence of functions F tt (z) 
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uniformly convergent in Hjis annulus is infinity and, since the value 
of F w (z) is o for z = i, the sequence cannot converge to infinity at 
all points of the annulus D. So Uie Sequence is not normal in this 
annulus. Thus (here is at least one point of D, and since 5 is arbi- 
trary it follows lhat there is at least one point e^ on the circle \z\ = t , 
at which the sequence is not normal. In a small circle described 
about this point as centre the functions P p (z) assume every value, 
with only one possible exception, an infinity of times. 

If Pj is Ihe circle of radius r np d and centre a np e**, the function (z) 
assumes every value, save possibly a single exceptional value, an 
infinity of Uoies in the domain covered by the sequence of circles T p . 
Moreover we can choose d sufficiently small to ensure that these 
circles do not overlap. 

Thus, corresponding to every sequence of zeros a np of F(z) satisfying 
condition (6, 12), we can find a sequence of circles with centres a np e'* 
and radii r np d, d being arbitrarily small, such that in the domain 
covered by these circles V(z) assumes every, value, with one possible 
exception, an infinity of times. 

Now let us consider a receding curve C with an equation of the form 
<p = ^(r), (cp = arg z), /(/*) being continuous and one-valued for all 
positive values of r ; and let us denote by Ce the curve obtained by 
rotating C about the origin through an angle 6. We shall assume 
<hat y(i)=o, but this does not in any way restrict the generality of the 
set of curves C. The equation of C is now cp = */(r) + 0. It is 
plain that only one of these curves Co passes through any given 
point of the plane. Let C fl be the curve passing through a n , a zero 
of (z). The sequence~of points in which the curves C M cut the 
unit circle has at least one limiting point. Let <|/ be the argument 
of such a point. The curve Gj,' , $p = ^(r) 4- ^', is thus as close as 
we please to a sequence of zeros a np of F(z). We can apply the 
preceding proposition to these zeros. The circles P p corresponding 
to these zeros and to a number d are, for sufficiently ,large values 
of p, interior to the domain swept through by a circle whose centre 
describes the curve C.-/+^ and whose radius at the point of modu- 
lus r is Sr, 8 > d. Thus our final result, which may be stated 
as follows, generalises that of paragraph 8 and completes Picard's 
theorem : 
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THEOREM 4g. 7/C is any receding path and D the domain swept 
through by a circle describing C and subtending an arbitrarily small 
constant angle at I he origin, and if F(z) is a function with an isolated 
essential singularity al infinity, then me can rotate D about the origin 
into a new position in which it contains an infinity oj zeros of all the 
functions F(z) a, save possibly for a single exceptional value of a. 
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APPENDIX A 
A note on algebraic functions. 



Certain results from the theory of algebraic functions were stated 
without proof in chapter IV ( 5). The object of the present note is 
to shew how these necessary results are obtained. 

As in chapter IV consider the equation 



a )n ximy = o, 

o 

where 



Our purpose is to discuss those solutions y(x) of this equation 
which tend to infinity as x tends to infinity. 
Writing 

Y = i. X--1 

y & 

we are led to an equation of the form 



(A, i) 
where 



and the problem is reduced to that of discussing those solutions Y(X) 
of (A, i) which tend to zero as X tends to the origin. The solution 
is provided by Weiers trass* classical theorem on implicit functions. 
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First let us consider the equation 

31 

(A, 2) >B IM X/mY' = o. 

o 

By the hypothesis of chapter IV ( 5), Y = o is a root of (A, 2) 
for X = o. There are therefore a certain number P of solutions 
which are zero at the origin. By Weierstrass' theorem (See Goursat, 
Cours d' Analyse, third edition, vol. II, pp. 287 ct seq.) these solu- 
tions are of the form 

(A, 3) ^ (X) = e, X' * 4- *,X (S+ ' w . . . , (fl < M) 

where q and s are integers. This theorem gives the complete for- 
mal solution of (A, 2), but in order to discuss the asymptotic beha- 
viour of Y(X) and of the corresponding solutions of (A, i) in the 
neighbourhood of the origin we require to be able to find s/q and c t . 
For the purpose of finding q Puiseux (') devised the following pro- 
cedure : 

Substituting the expansion (A, 3) in the left-hand side of j(A, 2) 
we obtain an expression which is identically zero. Now 

sm sm+i 

Pm + Pm + - 

B ;n \P,n Y'" = c," B WI X * +m c/"- c, B w X * +..., 

so that to find the terms of lowest degree we need only consider the 
sum 

M jn_ 

(A, 4) ^"U-X*"'""'" 

O 

If w is the smallest of the numbers p m -h there must clearly 
be at least two values of m for which 

(A, 5) p +, = , 



(') Puiseux, Journal de Mathemaliques (Liouville), i85o. 
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or Ihe terms of lowest degree cannot annul one other. For all other 
values m r of m we have 

m' m 

P<n' + S > w = p m + S 



or 



' m)f . 



?/ 

Therefore if we plot the points of coordinates m,p m , the points m', 
p m ' lie above the line of slope ( } passing through the points 

for which "(A, 5) is satisfied. It follows that if a Newton's polygon ir 
be constructed with the points m, p m (the polygon being convex down- 
wards and having certain of these points as vertices while the remain- 
der lie above it) the slopes of its sides give the possible values of s/q. 

We see that the values of s/q obtained by this method do not 
depend on the particular values of the coefficients B m , but only on 
the fact that these coefficients are not zero. The numbers c, can be 
found by equaling to zero the sum of the terms in (A, 4) correspon- 
ding to the selected side of n and solving this as an equation in c t . 
The number of the possible pairs of numbers s/q, c t so obtained 
(each pair occuring with a frequency equal to the order of multi- 
plicity of c f ) is equal to the number P of solutions of (A, a) which 
vanish at the origin. 

Now consider an equation of the form 



(A, 6) 



where t m is a function of X tending to zero with X. For X = o 
this equation has, as we have seen, a certain number, say P, solu- 
tions equal to zero. There are therefore exaclly P solutions which 
tend to zero as X lends to zero ('). To investigate these solutions let 
us for the moment regard the numbers t m as equal to zero and con- 
sider a possible pair of numbers s/q, c t found by Puiseux's method. 



(') See Goursat, vol. II, p. 280. 
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The number c t is determined by an equation of (he form 

(A, 7) 3X0 = 0. 

Now in (A, 6) write 
(A, 8) Y = c X'/(i -f U) 

and lake oul the factor X w (defined above) from the left-hand side. 
We then obtain an algebraic equation in U with roots that vanish 
for X =: o. In fact the multiplicity of the root U = o is equal to 
the multiplicity tx of c t as a root of (A, 7). Therefore this equation 
in U has again exactly jx solutions lending to zero with X. This 
applies to all P possible values of c i and sjq, so that all the P 
solutions of (A, 6) which -vanish at the origin are effectively of the 
form (A, 8). 

This argument remains valid if the numbers t m are only defined 
in certain annular regions of centre X = o, and the solutions in each 
of these regions are again of the form (A, 8). 

Now let us consider an equation of the form 



9) 



where b m is a function of X and Y which tends to B m as X and Y 
tend to zero and where the equation is known to have a solution Y(X) 
tending to zero as X tends to zero (this solution may be defined only 
in certain annuli). On substituting Y(X) for Y in b m we are led to 
an equation of ttje form (A, 6), whose solutions we have already 
discussed. For every value of X it defines a function Y(X) of the 
form (A, 8) : that is to say of the form 



c t and s/q being one of the pairs of numbers found by means of 
Puiseux's polygon (plainly the same pair for all values of X if it is 
assumed that Y is continuous. If this assumption is not made c t 
and s/q may vary with X). 
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Finally it follows without difficulty from this result that, when 
b m is of the form indicated at the beginning of this note, we have 

(A, 10) |U|<K|Xt*' (5'>o) 

whence it follows that e(X) satisfies a similar inequality. The pro- 
perties assumed in chapter IV are thus established. 



APPENDIX B 
The genus of a function of integral order. 



1. It was shewn in chapter III thai the genus of a function of 
order p is not completely determined when o is an integer and the 
condition (3, 10) p. 60 is satisfied. At present our knowledge on 
this subject is incomplete, but we have thought it Avorth while to 
discuss a criterion for the convergence of the series 



(B, i) %>'-<> 

1 

and to prove a new result concerning the coefficients in the Taylor 
series. Our argument depends on the following proposition which 
is a modification of Jensen's inequality (3, 2) : 

LEMMA I. For an integral function f(z) we have the inequality 



X 

where 7f and a are positive and K is a constant. 

Write 
(B, 3) V(a) = f" log |/(X)| /ft . 

27T JQ 

Then Jensen's equation (3, i) can be written in the form 

n(x)dx/x V(r) V(a), 
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where n(x) is the number of zeros of f(z) in the circle \z\ ^x. 
Now an integration by parts gives 



f 

J, 



<ty C y n ( x ) i . ___ V W v() 

r 

so that 



But we know that V(x) is less than log M(x). This establishes 
the inequality (B, 2). 

On p. 62, we obtained the following proposition 

LEMMA II. The necessary and sufficient condition that the series 
(B, i) should be convergent is that the integral 

(B, 4) 

should be bounded. 
Now if 

^13, D) I j-j-jj ilX 

is bounded, the integral 



tends, to zero as r tends to infinity. Therefore log M(r)//' p tends to 
zero. Putting p = /c in (B, 2) it follows that if (B, 5) w bounded, 
then the series (B, i) 's convergent. 

The converse of Ihrs is not true when p is an integer, though it 
is not difficult to prove (using Borel's inequality (3,6)) when this is 
not so. We can however deduce a complementary proposition for 
functions of integral order from theorem (26). With our previous 
notation we have 



W(r, a ,6)= 
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where k is a positive number less than r. So 



after making a change of variable on the right. Integrating by parts 
on the left we deduce the inequality 

n(x, a) + n (a?, 6) W(R, a. fe) 

as 1 "' -^ R" 



P r 

%/A-i 



where K is a constant. If the integral (B, 5) is divergent, then so 
is the integral on the left-hand side of (B, 6) and it follows that 



cannot be bounded for two distinct values of y. If by r n (x) we 
denote the modulus of the n'th zero of f(z) x y the series 



(B - 7) 



cannot converge for more than one value of . 



THEOREM i . // f(z) is an integral function of order p and the 
integral (B, 5) is bounded, then the series (B, 7) is convergent for all 
values of x. All the functions f(z) x are of genus p i ('). 

If the integral (B, 5) is unbounded the series (B, 7) is divergent save 
possibly for a single exceptional value of x. Except for this value 
of x all the functions f(z) x are of genus p. 



( f ) By the proposition preceding theorem a8, on p. 90. 
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2. In this theorem the condition of convergence or divergence of 

loglifr) 



/ 

y. 



may be replaced by the condition of convergence or divergence of 
the series 



where R M is the rectified ratio defined in chapter II. The transfor- 
mation used in Lemma II shews that the necessary and sufficient 
condition for the convergence of (B, 8) is that 



f KM 
J. 7^ 



should be bounded, N(?) being the number defined in chapter II. 
For, integrating by parts, we have 



and, since 

log M(r) < I N(ar) c/^c '/x , 

/a 

this gives 



where h(r) is a number confined between two fixed positive limits. 
A repetition of a former argument then proves our assertion. Thus : 

THEOREM a. If $ is an integer, the convergence of (B, 8) implies 
the convergence of (B, i) and its divergence implies the divergence 
of (B, 7) for all values of x save possibly a single exceptional value. 
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3. We require the following lemma : 

LEMMA III. // all the numbers a n are positive and if the series 



is convergent, then the series 



is also convergent. 

i 
Writing b n = (a, r/ t . . . a H ) n we hav?, if k > o, 

* n r m i"*"" - n r 2**a 

2*.~s iic*^ ( "<s K --V 

i i L. , J i L 

In this last series the coefficient of a g is less than 



Therefore 



It follows, since the numbers R M do not decrease, that the series 
-> and 



converge and diverge together. 
Now 



For this si mole ariruinent we are indebted to Mr. Liltlewood, 
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and consequently we may replace the conditions of convergence and 
divergence of the series (B, 8) by the same conditions for the series 

(B.,9) 



In particular we have the following result : 

THEOREM 3. If f(z) is of integral order p and such that the 
series 



is divergent, then the function f(z) x is of genus p for all values 
of x, save possibly a single exceptional value. 



REFERENCES 
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S 3. Original results due to E. F. Collingwood. 



APPENDIX C 

On the zeros of functions of integral order and regular growth. 

By R. C, "kOUMi. 



In pursuing our investigations with regard to the distribution of 
the values of a function f(z) of finite order p, we indicated in 
Chapter III a method of procedure by which it is possible to deduce 
a number of results (some of which we stated) concerning theasymp- 
totic(') relation between the number of zeros of f(z) -f x in the cir- 
cle \z\ <C r, which number we denote by n(r, x) as before, and 
the maximum modulus M(r) of f(z) on the circumference. 

We saw that by supposing the order c not to be an integer, we could 
obtain closer approximations (notably in the case of regular growth), 
the methods failing when p was an integer. Though this difference 
between the two cases of finite order belongs partly to the nature of 
things and is not merely a consequence of imperfect methods, it 
would be interesting to know fn what measure results such as follow, 
for instance, from the method of p. 70 when p is not an integer, may 
be extended to comprise the case when p is an integer, generali- 
sing if need be the notion of exceptionality for a given value x. 

We are about to show how, by a very simple transformation, gi\en 
a function /(r) of positive integral order p, we may form another in- 
tegral function, with zeros corresponding exactly to those of/(2)-f#, 
but with non-integral order, and with its maximum modulus in ex- 
tremely close relation with that of f(z) for all values of x except 
possibly some belonging to a set whose projection on any straight 
line is of zero linear content. 

The results v\e shall deduce therefrom arc the following, (.rue when 
p is any positive integer. 



(*) \\ilh re.spcrt lo r. K is understood throughout that .r is given fixed 
values. 



ZEROS OF FUNCTIONS OF INTEGRAL OKt>EK. 189 

THEOREM C i. If the ratio log t M(r)/log r has a limit (regular 
growth), then the ratio log/i(r, #)/logr has the same limit, except 
possibly for some values of x belonging to a sef whose projection on 
any straight tine is of zero content. 

THEOREM C a. If the ratio log M(r)//- t< is bounded positively (') 
(very regular growth) then so is the. ratio n(r,x)/r*, except possibly 
for values of x belonging to a set whose projection on any straight line 
is of zero content 

The interest of these propositions lies in the fact that in &ome 
examples of functions of regular arid very regular growth, there are 
actually more than a countable sol of values of x for which the ratios 
log n(r, #)/log r and n(r, x)/r* do not have the properties in 
question. 

1. The excepted set of points. Suppose a t (x), aj[x) t ..., a n (x), ... 
denote polynomials of degrees not exceeding q and let the typical 
zero of a n (x) be denoted by a tt t . About each zero a ft 4 as centre we 
draw a circle of radius d n = R~ n and denote by IV the set of the in- 
ternal points of these circles : the projection on any straight line of 
this set FK has a linear content not exceeding a#/(K i). 

If we now make K tend to infinity, the variable set I\ reduces to 
its inner limiting set or t'-set, constituted by all the points internal 
to an infinite number of FK , and comprising therefore the countable 
set of points a. ni together with some (or all) of its limiting points. 
It is of zero plane content and its projection on any straight line is of 
zero linear content. It is not necessary to specify its properties 
more nearly, though we may remark that not only the sum of the 
diameters of the circles which constitute \\ tends to o with K~*, 
but also the sum of the i th roots of these diameters, where i may be 
any number. 

By leaving out whatever isolated points the i-set may contain (and 
which can only be some or all of the points a, M ), we get the type of 
set which we shall have at most to except in our result. 



(*) More precisely, if it has its limits of indetermi nation for infinite r 
comprised between positive limits. 
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We will speak of the set thus defined by means of the polynomials 
a )t (x) as associated to the polynomials a n (x). 



2. Fundamental transformation. Consider the function 

(f(z) -f a,-) (/(ZT) + *) (/(ZT'-') + x) 

where q is an integer chosen greater than p for owr purposes, and 
where T is a primitive q" 1 root of i . 

Transformed to the plane r /j = z q , this function, denoted hence- 
forth hy FfZ, ,r), is still an integral function by the properties of the 
<f h roots of i t and has exactly the corresponding zeros in the Z-plane 
to those of f(z) -f x in the z-plane, with the same multiplicity, so 
that we have n(r, x) N(P, x), (H r"). 

PROPOSITION. /<br every x, except possibly for values belonging to 
a set whose projection on any straight line is of zero content, there 
exists between the maximum moduli of F(Z, x) and f(z), denoted 
respectively by M(R, x) and M(r), a relation of the form 

(C, log M(R, x) = h t log M( V) (R = r q ) 

h t and h a representing two positive functions oj r, depending on x, 
with finite positive limits of indetermination for infinite r. 

Before proceeding to prove this proposition, we may at once re- 
mark that, for any value of x for which it holds, the ratios 
log t M(R, cc)/log R and log, M(r)/(y logr have the same limits of 
indetermination, so that in particular F(Z, x) is then effectively of 
order p/q. 

Moreover for such values of x, all properties of regular growth 
will be simultaneous to f(z) and F(Z, x)\ hence by the propositions 
stated for non-integral order on pp. 70-71, the theorems G i and G 2 
are immediate consequences of (C, i), with the conditions under 
which it is stated to hold. 

All turns therefore on the proof of this relation. 
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3. The relation (C, i) virtually represents two inequalities true for 
large values of r, more precisely, we should have, for r>r r : 

(C, la) k t log M(/v) < log M(R, x) < A-/ log M(/) 

the k's being positive functions of x only, finite everywhere in Ihe 
region specified. 

Now, as immediately follows from the definition of F(Z, x) : 



(C, 2) 

where lim A = i for every x. 

r oo 

There remains therefore only to establish the first of the two ine- 
qualities (C, i a). 

To do this, we observe first that if G(R) = SC W R" be defined as 
having for its n th coefficient C /t the largest of the moduli of the coef- 
ficients of x in CL H (X) (the latter polynomial being the coefficient of 
Z n in F(Z, x) ), then the ratio log G(R)/log M(r) is bounded positively 
below. 

This is easily seen by introducing the coefficients A,(Z) of F(Z, x) 
when put in the form of a polynomial in x. A,(Z), if taken to de- 
note the coefficient of x' 1 ' 1 in F(Z, #), is the sum of 



1.2 . . . i 

products of i of the functions /(ZT*), arid so the absolute value of A, 
is less than for instance [</M(r)]'. 

On the other hand, as the value x f(z), if not zero, satisfies 

the equation ^==0, giving in particular 



we have by tho above, putting \x\ = % . 



for some value of Z with |Z| = R = r q . 
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Now with our definition, G(R) is a dominant of all the A t (Z) : in 
fact C w is the largest of the moduli of the respective n lh coefficients of 
these functions. Also G(Zj, like A,(Z), is an integral function (*). 
We may therefore, assuming R>R to insure G(R)>i, write 



Hence 

(C, 3) log(J(H)>Alog.M(;-) 

where Jim A = i. 

r oo 

To establish the first inequality (C, i a), we may henceforth subs- 
titute in it (5(R) for M(r), reducing our problem to the proof of an 
inequality of the form 

(C, 4) log M(H, x) > *, logG(/r,R). 

By the properties of the maximum term of a function of finite 
order (such as G(Z) was seen to be), such an inequality certainly 
holds whenever between the respective coefficients of G(Z) and 
F(Z, x) one of the form 

(C,5) I.(*)|>*,<W 

holds for all n > n x , /;, and k 9 not depending on n t but only on x. 
For by multiplying by |Z| II = H* and choosing n so that C w (/c s R) 11 
is the maximum term of G(/c % Z)(*), we see that (C, 5) involves 

logM(R, x) > log |aZ"| > AlogG(R/c t ) (R>RJ 
with lim A= i. 

R=oo 

To obtain an inequality of the form (C, 5), we use the two facts that 



(*) Sec e. g. theorem i. p. 4o. 

(*) We have Jo take R sufliciently great to insure this maximum term 
having a rank > ;i r . 
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X 



a) if |x'| > and |a tt (a?')| is the maximum modulus of a u (x) for 
the radius \x'\, then by Cauchy's theorem 



where X w is some positive integer or zero and does not exceed q i . 
b) if |x'| < v and both x', a; are at distances not less than d tl from 
the zeros of a n and from .the origin, then(*) 



Now provided 
of radius between 



\x\, we can certainly for each n find a circle 



x 



and \x\ (the centre being at the origin), which 

is completely external to the small circles of radius d n round the 
zeros of a H (x). So we are assured that we can for each n find a point 
satisfying the conditions required for x' and we may therefore write 
for each n >- 1 



where A is q i or o according as x^- \ or #<C i. 

If PK denotes the set of points ; defined as in n i by |; a tt J 
(4= i, 2, . . ., [A M ; n= i, 2, . . .) and E be its /-set for infinite K, then 
given any value x not belonging to E we can determine K^ so that 

" l ' ==I ' 2 ' ^ = I 2 -) and 



(') Inequalities of this form are easily proved by splitting a n into its fac- 
tors (x a n fj ) and considering separately e. g. those for which |ot rt J^ax, 
and !,,! > 2X. In the latter case we write 



20? 



and a fortiori 
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For all such values of a; we may therefore, substituting K^T" for/ M 
in the above, write for every n^ \ 

(C,5a) |>;|> A(X:.(K,""y, 

//(.'') IlOl depending Oil W . 

If a; l)c an isolated point of the /-set, denote by a nr the polynomial 
of highest rank of which it is a zero; by leaving out of account the 
n f first polynomials, we can still define K^ so that an inequality of 
the form (C, 5 a) holds for all >/? c . 

We saw that this sufficed to deduce an inequality of the form (G, 4), 
which with (C, 3) and ((!, a) proves our relation (G, i), the possible 
exceptions belonging" to a subset^) of the set defined by means of 
the coefficients <i n (x) in the manner explained hi $ i. 

4. Remark on the formation of examples with exceptional values. 
Without going into details, the following brief indication may be 
of help to the reader. 

Given a set of finite numbers Q, y , we define the auxiliary function 
of 2 



If x is not a limiting point (*) of the set ; , (n = i , 2 , ...)> the func- 
tion ^.^(z) has its maximum modulus asymptotically equal ic e r (*). 
Referring to theorem G 2, we choose so that *l r a: (z) 6 d has the 
number of its zeros within |z| <0* asymptotically greater than Kr. 
We then define 



The function f(z) + x has the same zeros as ^ (z) O ft , and so f(z) 



(M On closer examination, we should find that there are other points of 
the i-set, besides its isolated points, for which a lelation of the form (C, i) 
may still be proved to hold. It is not necessary, for instance, to consider 
all the polynomials a n for n>/i r . 

( f ) In the extended sense, including values assumed by O w for an infinite 
sequence of indices n . 

( 3 ) By the proposition of p. 44, with Theorem i4- 
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has the logarithm of its maximum modulus M(r) asymptotically 
greater than Kr('). As logM(r) is evidently less than ar, the func- 
tion f(z) is of very regular growth and order i . For values of x 
which we may call ordinary for/(z), with reference to theorem Ca, 
the ratio n(r, x)jr is bounded. 

It is possible so to choose the numbers b n (n^- 1) that when be- 
longs to certain of their limiting points, the auxiliary function ^(z) has 
its maximum modulus less than e'* fora sequence of values of r, where 
a is less than i , involving by formula (3, 2), for/(z)^- "*($ (2)- ), 

|; _ log /!(/-, g) 

lim - <C a , 
- logr ^ 

is then an exceptional value for f(z). 
For instance if in a sequence of intervals 



the numbers W ar^all equal to 4 , and if (N ? ; N 9 ) is chosen suffi- 
ciently large, we may so arrange that the maximum modulus .of 

*F$(z) is less than e r for instance, for a sequence of values of r. 

If we choose a sufficiently rapidly increasing sequence for N ff M N V ', 
we can dispose of the remaining ; s so that the same circumstance 
presents itself for 4 , E a , . . . , !;,. We have then an example in which 
there are at least these i exceptional values. 

A close examination into the sufficient conditions for 5 being an 
exceptional value for/(z), leads to definitions of M giving more than 
a countable number of actually exceptional values 5, ^( z ) having 
its maximum modulus less than e^(a<C i) for a sequence of values 
of r. 

REFERENCES 
Borel 7; Sire 3; Valiron 9. 



(') For by formula (3, 2), p. 5i, deduced from Jensen's theorem 



X 



APPENDIX 
The inverse function of an integral f unction /(z 



1. The problem of the paths of determination and asymptotic 
values of an integral function considered in chapter V can be approa- 
ched from another point of view. 

Let w f(z) be an integral function and z = <I>(w;) be the inverse 
of this function. That is to say that for all values of w the function 
satisfies the equation 



Suppose that, in the z-plane, there is a receding path T of finite 
determination <o. It is clear that there is in the w-plane a corres- 
ponding path C proceeding to the point <> such that, as w tends to <*> 
by this path, z = <I>(w) recedes along T. Now, f(z) being an inte- 
gral function, a finite value of w corresponds in general to a finite 
value of z. The point o> is therefore a singularity of the inverse 
function <l>(w), and it appears that we shall be able to identify the 
asymptotic values of f(z) with certain of the singularities of $>(w). 
The problem was first considered from this point of view by Hur- 
witz ('), and he stated that the point u> is always a transcendant sin- 
gularity Of the function <b(w), and conversely that such a singularity 
is always an asymptotic 4 value of f(z). A rigorous proof of this 
theorem was given in 1914 by Iversen (*) to whom the first satisfac- 
tory systematic treatment of the subject is due. In this note we 
develop the theory of 4>(w) only so far as the proof the theorem we 
have just mentioned. Many very interesting results cognate with 
those of chapter V have been obtained, notably by Iversen, but we 
are debarred from dealing with them. 

(') Hurwitz 3. 
() Iversen 1. 
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2. Let w = f(z) be an integral function of z and consider the 
planes of z and w. Let Z Q be a point at which f'(z), the derivative 
of /(z), is not zero. Then, in virtue of the relation 

(D, i) "=/(*), 

there corresponds to z 9 a finite value iu , and by a well-known theo- 
rem in the theory of implicit functions, we can find two circles y* 
and c described about the points z 9 and w 9 as centres, in the planes 
of z and w respectively, such that, for every value of w in c 9 > the 
equation (D, i) has a unique root in y - Further, this root is repre- 
sented inside by a convergen.1 power series (*) 



(D, 2) z = z>+y(w w ). 

We shall denote this series by the symbol e Zo and its circle of 
convergence by c? Q . If w is any point in c , then equation (D, i) 
is satisfied identically on substituting for z its value (D, 2). Now 
(D, i) inay be written 

(D, 3) /(*)- w = o 

and, since f(z) is an integral function, the left-hand side of this 
equation is a function regular in <^ , if we substitute for z its value 
given by (D, 2). We know that this function vanishes identically 
in c , and it therefore follows, by a well-known theorem, that equa- 
tion (D, 3) is satisfied throughout c Z{) . Hence in this circle c Z(t the 
series (D, 2) satisfies equation (D, i). 

Since f(z) is a uniform function it follows that at distinct points 
in the circle c Zg the series (D, 2) assumes different values. Thus the 
relation (D, 2) establishes a (i : i) correspondence between the kite- 
rior of the circle Cz 9 and a certain domain /* in the z-plane. No 
part of this domain covers any other part of it. Two corresponding 
points w and z always satisfy the relation (D, i). 

It is easy to see that the correspondence between c* and ,, is a 
conformal one at all interior points. For, substituting the series 



(') We use the symbol $(z) to denote a power -series convergent in a 
certain circle and vanishing at z = o, but not necessarily the same in every 
formula. 
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(D, a) in equation (D, i) and differentiating with respect to u>, we 
fmd 



which shews, since dz/dw is finite, that/'(z) does not vanish in y* . 
Therefore for every value of w interior to c^ equation (D, i) has 
one and only one root interior to /r , and this root is represented by 
the series (D, a). This series we shall call the inverse element e Zft 
corresponding to the point z . We can form such an clement for 
every point of the set in which f'(z) does not vanish. There is an 
infinity of such elements (we denote by e, the element correspon- 
ding to a point z for which f'(z) ^ o) and we shall shew that toge- 
ther they constitute a single analytic function z <!>(;). This func- 
tion fy(w) is by definition I he inverse function t>/ the integral func- 

tion /(2T). 

Let us denote by g the set of elements .. We have then to prove 
two things : 

(a) Every analytic continuation of an element of 6 leads to another 
element of g. 

(8) Every element of fi can be obtained by continuation from a 
given element of >. 

We propose to adopt the following convention regarding the conti- 
nuation of an element e z : two elements ez t arad e Zt will be said to 
be immediate continuations of one another when their circles of Con- 
vergence have a common part in which the two scries assume the 
same values. This definition can be extended to fractional power 
series if one determination of one series is equal to one determina- 
tion of the other in the common part of their circles of convergence. 

We can prove (a) for an immediate continuation of (D, a) to a 
point w t in the circle c Z(t . With w i the element e Zo correlates a point 
z t in r . Now the immediate continuation of this element at this 
point Wi gives, for all values of w in a certain circle of centre w it 
the unique root of equation (D, i) in a certain circle about z 4 . But 
since z, is interior .to y^ the derivative f(z) is finite and different 
from zero, so that to ttyis point 2, there corresponds a certain ele- 
ment e Zi of the set g, and this element represents the same. root in 
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a certain neighbourhood of w t . Therefore this element is identical 
with the continuation of e Z(t . 

The truth of proposition (a) follows at once, for every continua- 
tion of e z<t is effected by means of a Gnite number of immediate 
continuations. 

The following corollary will be useful to us in the sequel : 

// two dements e Zi and e Zt of the set g assume the same value z = z' 
at a point w = w' common to their circles of convergence, then they 
are immediate continuations of one another. 

For z' is common to the two domains y* t and - 2% , so that e z r is an 
immediate continuation of both e Zi and e z% and it follows at once 
that these two elements are immediate continuations of one another. 

Now consider proposition fp). Let e z > be any assigned element of 
the set distinct from e z<t and join z 9 to z' by a simple curve F on 
which f'(z) =4= o. Let z t be the first point of F in which this curve 
intersects the contour of / A . Corresponding to z 4 there is a certain 
element e^ t and a domain ^ t , of which. s t is an interior point, exten- 
ding into s t . Let z % be the first point of F in which it intersects 
the contour of ^ and let e x% and ^ t be the corresponding element 
and domain, the latter extending into ^ and containing z t , and 
so on. 

Since any two consecutive domains of the sequence y* , *,, ... 
have a common part it follows, frorti the corollary just proved, that 
successive elements e^, e Zt , . . . are immediate continuations of one 
another. It is therefore sufficient to shew that there is a finite num- 
ber n such that z' lies inside the domain /Z H . 

Suppose that this is not so. Then the sequence of points z, has 
a finite limit point z on F. Now by hypothesis f\z) =(= o , so that 
this point z is interior to a certain domain /j. To the sequence of 
points 2 V contained in ft there corresponds a sequence of points w, 
contained in the circle Cz and having the point w =/(z) as limit. 
Now, by the corollary, the immediate continuation of en to any one 
of these points w, is identical with the corresponding element * v , 
and it is clear that we can choose v so large that w will lie inside c* y . 
But, if this were so, the point z would lie inside the domain &* v , 
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which is contrary lo our hypothesis. The theorem is therefore 
proved. 



3. The singularities of <l>(w). We have now given a precise 
definition of <l*(w) which has been shewn to be consistent. Our next 
topic must be the singularities of the function <b(w) thus defined. 

Consider a continuous path G starting from the point w , and 
suppose that we have effected the continuation of e 2f) along this path. 
If there are no singular points of <I>(u>) on G there is always a positive 
number c which does not exceed the radius of convergence of any ele- 
ment of g encountered in continuation along a finite segment of G. 
In fatft e tc can be continued indefinitely along G. If, however, there 
is a point to on G such that the radius of convergence of the element 
en tends to zero as w approaches to, then o> is a singularity of <l>(w) 
and the question arises as to how this function behaves as w tends 
to o>. 'Now successive elements of <b(w) give rise to a curve F in the 
z-plane corresponding lo G, arid we shall shew that as w approa- 
ches <o, z tends to some determinate value. 

The proof of this is simple. Since the zeros of an integral func- 
tion are isolated points, we can find a circle C, of arbitrarily large 
radius, on which there is no root of the equation 

(D, 4) /(*) = *> 

Let e, be the minimum modulus of f(z) c*> on C. Now C con- 
tains only a finite number of roots z l9 z,, . . ., Z M , of equation (D r 4) 
and these points can be surrounded by small non-overlapping circles 
c f , c t , . . . , C H , all interior to C. Let e, be the minimum modulus 
of f(z)-~ <u on the circumferences of these circles, and let ebe the 
smallest of the two numbers e 4 , e ( . Then, if T is the domain boun- 
ded by C and the small circles c f , c t , . . . , C M , the function r 

is regular in T and so attains its maximum on the boundary. 
Therefore at all interior points of T we have' 



and consequently 
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Now, by hypothesis, the element e* 9 can be continued along G to 
within an arbitrarily small distance of the point to. It follows from 
the last inequality that, when w is interior to the circle \w <o| = e, 
the corresponding point z = <b(w) lies outside the domain T; that 
is to say, either inside a definite circle c v , or outside the large 
circle C. But this is true however large the circle G and however 
small the circles c.. may be. Hence we Have the following theorem : 

If an element of the inverse function z = <i>(w) is continued along 
a path ending in a singularity w, then z tends either to a finite root 
of the equation f(z) o> or to infinity as w approaches UK 



4. Algebraic singularities. Let us first consider the case in 
which z tends to a finite value as w tends to w. In the first place 
it is clear that y'(C) = o. For if not there would be a regular ele- 
ment e* t with a circle of convergence c;, corresponding to . We 
could find a point w of G in c> sufficiently near to to to insure 
that the corresponding point z of F defined by 4>(w) would lie in the 
domain /?. Then, by the corollary, e* end e z would Jbe immediate 
continuations of one another, so that w would not be a singular point 
for the particular branch of <I>(w), which is contrary to our hypo- 
thesis. 

Thus in the neighbourhood of the function f(z) is represented 
by a convergent series of the form 

w = *> + n ft (* 0*[i + (*-0], 

where k is an integer greater than i . Hence 
(D, 5) (m-r-oi)'/* = < 



It follows from the theory of implicit functions that there ts a cir- 
cle c' of centre w in the w-plane in which a power series in (w w) 1 /* 
represents the only solutions of (D, 5) in a corresponding circle y' 
of centre (. There are k solutions corresponding to the k different 
determinations of (w w) 1 /*. The series is of the form 

(D,6) z = C + a^/^iq-w)-/* + 
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whence it follows that the k branches corresponding to the k diffe- 
rent determinations of (w to) 1 /* are all different in a small circle 
of centre oj. The argument of i shews that the series (D, 6) satis- 
fies equation (D, i) throughout its circle of convergence c. The 
function z thus defined may be regarded as uniform on a Riemana 
surface F of k sheets covering the circle c and having <D as a branch 
point of order k. The properties of F are precisely analogous to those 
of c , the circle of convergence of a regular element. To distinct 
points of F correspond distinct values of z, and the relation (D, 6) 
establishes a (i * i) correspondence between the interior -of F and 
a certain domain / of the z-plane, no two parts of which coincide. 
The correspondence is conformal except at the points and w. To 
every point u; 4 (=)=;<>) of F there corresponds a point z t at which 
f'(z) ^ o, as can be proved by the argument of 2. Therefore to z t 
corresponds an element <? Z| of 8, and it is clear, by the corollary, 
'that this element is identical with the immediate continuation of 
(D, 6) to w t . Thus every continuation of (D, 6) belongs to g. In fact 
if w t is a point of G interior to c and so near to o that z t , the corres- 
ponding point of T, lies inside /, then the element e Zi obtained by 
continuing (D, a) along G can be identified with the immediate con- 
tinuation of (D, C) to w t . Now (D, 6) shews that w is an algebraic 
singularity of z = <(;), so that we have proved that if z tends to 
a finite value as w tends to a singular point w, then this is an algebraic 
point of the inverse function <b(w). 

If, on the other hand, <I>(to) tends to infinity as w lends to i by G, 
then co cannot J>e either a pole or an algebraic singularity of <f>(o>). For 
if it were an algebraic singularity we should have in Us neigh- 
bourhood 



k being a positive integer, which would imply for/(z) an expansion 
of the form 



for all sufficiently large values of z, which is plainly impossible 
A similar argument shews that CD cannot be a pole. 
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Summing up, we see that every finite algebraic singularity of <I>(u>) 
corresponds to a root of the equation f'(z) = o, and conversely that 
to any root of this equation there corresponds an expansion of the 
form (D, 6) satisfying equation (D, i), so that the corresponding 
point w is an algebraic singularity of the inverse function 



The only finite algebraic singularities oj the inverse function <I(u>) 
are the points w (i} , iv (t} , . . . , W M , . . . defined by the equations 



5. Transcendant singularities. Since (he point < cannot he 
either a pole or an algebraic singularity when z tends io infinity 
as w approaches <o by the path (I, it must be either an essential or a 
transcendarit singularity of <!>(?/>) according as Ihe branch of <l>(w) 
under consideration is or is riot indeterminate at the point <. To give 
a precise meaning to this, consider the palh F described by z as w 
tends to w along G, and let C be a circle in the u>-plane of radius r 
and centre <u. There is a point z r on F such that the inequality 
\f(z) oj| < r is satisfied at all points of F beyond z r . Suppose 
that the element e Zr is continued from the point w p on the circum- 
ference of C by all possible paths interior to C up to the point <o. 
There is a set of points in the z-plaue corresponding to the interior 
points of the circle G, and this sel, together with ils limit points, 
conslitules a connected domain A r containing the cur\e F beyond 
the point z r . As r lends to zero the domain -A^. lends to a limiting 
domain A , which we call the domain of indeler initiation of <I>(w) at 
the point GJ. If A reduces to a single point we say that the branch 
of <b(w) is determinate at , while it is indeterminate in the contrary 
case. With this definition we shall shew that the branch of 3>(w) 
under consideration is always determinate at the point o>. For F is, 
by hypothesis, a receding palh on which f(z) tends to u>. Bui we 
know that when \w <.>)<< z = *b(w) lies outside an arbitrarily 
large circle G. For if it did not, z would tend to a Finite value as w 
tends to <o. Therefore, for rO, A r lies -entirely outside C, so that A 
reduces to the point at infinity, and our assertion is proved. Hence, 
if z = <l>(o>) lends to infinity as w tends to u>, this point is a transcen- 
dant singularity of 
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Combining this result with that of 3 we have the following 
theorem : 

The inverse function has no singularities other than algebraic and 
transcendent singularities. 



We have seen that if w is a transcendant singularity of 
f(z) has a path of determination <o. Conversely, if f(z) has a path 
P of finite determination <o, this point is a transcendant singularity 
of <J>(u;). For corresponding to V there is a path G proceeding to o>. 
If G passes through any algebraic singularity of $(u>) it can be de- 
formed by the Introduction of small circular arcs so as to avoid these 
points, and then, in virtue of the properties proved in 4, an ele- 
ment e 4 corresponding to a point of V can be continued up to c*> in 
such a way that z recedes along F. 

We have thus proved the theorem stated in & i of this note : 

The asymptotic values of an integral function f(z) can be identified 
with the transcendant singularities of its. inverse function 



Many of the results proved directly in chapter V can be deduced 
from properties of the inverse function *(io), but it would be su- 
perfluous to reproduce them here. We may mention, however, that 

Carleman's theorem shews that; if J\z) is of order p(>~) ^ en its 

inverse function <f>(w) cannot have as many as 5o transcendant sin- 
gularities in the finite part of the plane. 
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